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Abstract: In this paper, a numerical study has been done for fully developed laminar flow of an incompressible viscous fluid 

through a rotating straight duct with rectangular cross-section. The duct is rotated at a constant angular velocity around the 

vertical axis. The flow depends on the pressure driven parameter and the rotational parameter along with aspect ratio. The 

dimensionless non-linear equations are solved by using Spectral method where Chebyshev polynomial is adopted as a key tool. 

The calculations are carried out for different rotational parameter with a fixed aspect ratio at a constant pressure gradient 

parameter. The effect of rotational parameter has been observed for axial and secondary flows from the obtained results, which 

are shown in two dimensional contours and surface plots for axial flow whereas, two dimensional streamline plot, surface plot 

and vector plot for secondary flow. The asymmetry structure is seen in the axial flow pattern while the double vortex 

configuration is seen in the secondary flow structure, for all rotational parameter. However, the double vortex pattern in the 

secondary flow configuration is slightly compressed against the upper and lower walls of the duct for small rotational 

parameter, but it is highly compressed against the upper and lower walls for high rotational speed. 
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1. Introduction 

Viscous fluid is a fluid which has the property of viscosity 

and which offers resistance to flow. In viscous fluid, due to 

the property viscosity, one layer of fluid resists the adjacent 

layer of fluid; as a result, we can see the parabolic velocity 

profile for the flow in a straight tube, involving the maximum 

fluid velocity along the centerline or tube axis. Fluid with 

low viscosity is low viscous fluid such as water while the 

fluid with high viscosity is high viscous fluid such as oil. For 

low viscous fluid, the Reynolds number is considered to be 

very high so that the convection term cannot be neglected in 

the equation of motion and the Navier-Stokes equation is 

considered in this scenario [1]. However, for high viscous 

fluid the Reynolds number is considered to be very low, as a 

result the convection term is neglected in the equation of 

motion and considered Stokes equation of motion in this case 

as the governing equation. In this research, the low viscous 

fluid has been considered so that the Navier-Stokes equation 

and continuity equations have been considered as the 

governing equations of the flow problem. 

Flow of a Newtonian fluid through an axi-symmetric 

straight pipe was first studied independently by Hagen and 

Poiseuille in the early 1800's. This type of flow gives the 

pressure drop in an incompressible and Newtonian fluid in 

laminar flow flowing through a long cylindrical pipe of 

constant cross-section. There are many studies expanding 

attention to include non-Newtonian flows [2], open channels 

[3], non-axi-symmetric tubes [4], tubes with corners and 

tubes with restrictions [5], to list but a few. 

Flow through rotating straight duct introduces coriolis 

force due to the rotation along with centrifugal force. Similar 

centrifugal force is observed in stationary curved pipe. This 

centrifugal force induces secondary flows both in rotating 

straight tube and stationary curved pipe [6-9]. As a result, 

flow through rotating straight tube and stationary curved pipe 

are thought to be similar and this is the ultimate interest to 
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study the fluid flow in a rotating straight tube. There are 

many previous studies on fluid flow in a rotating straight 

tube. Barua [10], Benton and Baltimore [11], Islam et al. [12] 

studied theoretically the flow in a rotating straight pipe by 

using a perturbation expansion while Mori and Nakayama 

[13], Ito and Nanbu [14], Wanger and Velkoff [15] found 

good agreement with experiments. Numerical studies on fluid 

flow in a rotating straight tube was performed by Sharma and 

Nandakumar [16]. The fluid flow in a straight pipe with 

square cross-section was studied numerically by Kheshgi and 

Scriven [17], Nandakumar et al. [18] and Speziale [19] in 

case of square cross-sections. Zhang et al. [20] studied 

numerically the force dependent and time dependent 

transition of secondary flow in a rotating straight channel 

numerically by lattice Boltzmann method. For different 

forces, they have found 2-cells vortex in the secondary flow 

configuration. Some authors investigated fluid and heat 

transfer through rotating straight channel [21-24]. Since there 

is no detailed study regarding the flow in a rotating straight 

duct with rectangular cross-section of constant aspect ratio, it 

is quite useful and interesting to investigate the flow 

characteristics in rotating straight duct with rectangular 

cross-section at a constant aspect ratio. 

Hence, the effects of rotation on the steady viscous fluid 

flow through a rotating straight duct with rectangular cross-

section at a constant aspect ratio 2 is studied here 

numerically. Spectral Method has been used to obtain 

numerical solutions while the Chebyshev polynomial is used 

as a main tool [25-26]. 

2. Governing Equations 

Consider the laminar flow of an incompressible viscous 

fluid in a rotating straight rectangular duct. The duct is 

rotated at a constant rate Ω about an axis which is 

perpendicular to the tube axis. The axial pressure gradient is 

given by p z G′ ′−∂ ∂ =  and is considered to be constant, 

where p′ is the modified pressure which includes the 

gravitational and centrifugal forces. The physical 

configuration of the flow problem is shown in Figure 1.  

 

Figure 1. Physical configuration of a rotating straight rectangular duct. 

The flow is governed by the Navier-Stokes equation along 

with continuity equation that can be written in the following 

vector form: 
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the kinematics viscosity and jΩ = Ω  is the rotation rate of 

the duct. 

In Cartesian coordinate system, the x, y and z components 
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where x y zu , u , u′ ′ ′  are the velocity components of u along x, y, 

z directions respectively. 

The no-slip boundary condition is applied on the boundary 

of the duct so that the velocity on the boundary is zero, i.e., 
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0=′=′=′
zyx uuu  on the wall of the straight pipe. The 

fully developed flow has been considered so that except for 

the pressure derivative, all z′  derivatives are zero. Again, for 

steady flow the rate of change of velocity is zero, i.e., 

0
yx x

uu u

t t t

′∂′ ′∂ ∂= = =
∂ ∂ ∂

Then, the dependent and independent 

variables can be made non-dimensional as follows: 

x x y yu u ,u u ,
a a

υ υ′ ′= = z zu u ,x xa,y ya, z za,
a

υ′ ′ ′ ′= = = =  
2

2
p p

a

υ ρ′ = , 

where primes indicate dimensional quantities and a is the 

half width of the duct cross-section.  

By using the above assumptions, the non-dimensional 

equations of the governing equations (3) - (6) are in the 

following form: 
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Where ( )3 2
nGa Pρυ =  is the pressure driven parameter 

and ( )22 a RΩ υ = is the rotation parameter.  

The no-slip boundary condition implies that velocity is 

zero on the tube wall, i.e., at 1±=x , σ±=y , where σ  is 

the aspect ratio which is defined as ( )ab=σ , here b be 

the half height of the cross-section. 

With the help of aspect ratio, a new variable is introduced 

as ( )σyy = . Substituting the values of ( )yu x ∂∂−= ψ  

and ( )xu y ∂∂= ψ  into equations (7) and (8) and then by 

cross differentiation of these two equations, the basic 

equations for the stream function ψ  and for the axial 

velocity 
zu are as follows: 
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The boundary conditions for the stream function ψ  and for the axial velocity w are given by 

( ) ( ) ( )1 1 1 0z zu ,y u x, ,yψ= ± = ± = ± = , ( ) ( ) ( ) ( ) ( )1 1 1 0x ,y x, y x,ψ ψ ψ∂ ∂ ± = ± = ∂ ∂ ± = . 

3. Numerical Calculation Techniques 

Spectral method is used for the numerical calculations and 

Chebyshev polynomial is used as a tool. Here, the axial 

velocity ( )yxuz ,=  and the stream function ( )x,yψ  have 

been expanded as follows: 
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( ) ( ) ( ) ( ) ( )2 21 1z m nu x,y x y U x U y= − −  and 

( ) 2 2 2 2
1 1 m nx, y ( x ) ( y ) U ( x )U ( y )ψ = − − , where M and N 

are the truncation numbers along x and y  directions 

respectively, mU  and nU are the corresponding m-th and n-

th order Chebyshev polynomials. The collocation method is 

used to get the equations for the coefficients mnc  and mnψ  

where the collocation points are taken as follows: 
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For the convergence
10

10  
−<kε  has been taken, where kε  is defined as 

{ } { }2 2
1 1( k ) k ( k ) k

k mn mn mn mnc cε ψ ψ+ + = − + −
  ∑∑ . 

The truncation numbers in the x and y  directions are 

taken as M=16 and N=32 for the numerical calculations. In 

this research, the program has been written in Intel Visual 

FORTRAN and the graphs have been plotted by using 

Stanford Graphics Software. 
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4. Results and Discussions 

The fully developed flow of viscous fluid has been 

investigated in a rotating straight duct with rectangular cross-

section for a constant aspect ratio 2. The left hand figure 

shows contour plot while the right hand figure shows the 

surface plot in the axial flow Figure In the secondary flow, 

the left hand figure shows the streamline plot while the right 

hand figure shows the vector plot, and the surface plot is 

shown in the middle of these two plots. It is noted that in two 

dimensional plots, the outer wall is to the right and the inner 

wall is to the left. The arrow in the vector plots always 

indicates the direction of the flow. As a result, the strength of 

the flow is not clearly understood in the very weak secondary 

flow region. 

As mentioned earlier, the flow is governed by the pressure 

gradient and the tube is rotated about an axis which is 

perpendicular to the duct axis. According to the definition of 

rotation parameter �,  the positive rotation means that the 

rotation direction is in the same as the main. Positive rotation 

is considered in our investigation. The calculations have been 

done in different rotational parameters within the range 

1 76R≤ ≤  for the fixed aspect ratio 2σ =  with rectangular 

cross-section and the constant pressure driven parameter

100nP = . 

Figures 2, 4, 6, 8, 10, 12, 14, 16, 18, 20 represent the axial 

flow patterns in the form of contour and surface plots. The 

left part of the Figure 2 shows the contour plot whereas; the 

right one represents the surface plot for the axial flow at the 

rotational parameter 1R = . From the contour plot in this 

figure, it has been seen that the contour line patterns of the 

axial flow is the same for every curve. The surface plot in 

this figure shows the axial flow strength in different domains 

within the duct. The red region indicates the maximum axial 

flow region which is around the center line. The axial flow 

strength decreases from the center line towards the duct wall, 

which has been represented by different colors. It is also 

observed from this figure that the axial flow (contour plot, 

surface plot) patterns are highly asymmetric along the 

horizontal line of the duct and the maximum value has been 

shifted towards the low pressure region (top and bottom 

walls). Similar effects can be observed from Figures 4, 6, 8, 

10, 12, 14, 16, 18 and 20.  

The even Figures 3, 5, 7, 9, 11, 13, 15, 17, 19 and 21 

depict the secondary flow structure in the form of streamline 

plot, surface plot and vector plot accordingly. In Figure 3, the 

left part shows the streamline plot while the right hand part 

shows the vector plot and the middle one is the surface plot. 

The streamline plot, surface plot and the vector plot in this 

figure clearly show two portions of the secondary flow which 

consist of a counter rotating vortices, one vortex is located at 

the upper (rotates in the anti-clockwise direction) and another 

one at the lower (rotates in the clock-wise direction) wall of 

the duct. The direction of each vortex can be seen from the 

vector plot in Figure 3. For moderate and slightly more rapid 

rotations, the double vortex secondary flow (streamline plot, 

surface plot and vector plot) is slightly compressed against 

the upper and lower wall of the duct which can be viewed in 

Figures 5 and 7, respectively. If the rotation rate is increased 

further, the vortices begin to stretch into the interior of the 

duct which has been observed in Figures 9, 11, 13, 15, 17, 19 

and 21. The existence of the double vortices flow structure 

can be confirmed from the results of the secondary flow 

figures, where each vortex is somewhat compressed against 

the wall of the duct. 

 

Figure 2. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=1 and aspect ratio � =2 with pressure 

driven parameter Pn =100. 

 

Figure 3. Streamline plot, surface plot, and vector plot of the secondary flow 
for rotating straight duct of rectangular cross-section at R=1 and aspect 

ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 4. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=10 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 
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Figure 5. Streamline plot, surface plot, and vector plot of the secondary flow 

for rotating straight duct of rectangular cross-section at R=10 and aspect 

ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 6. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=20 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 

 

Figure 7. Streamline plot, surface plot, and vector plot of the secondary flow 

for rotating straight duct of rectangular cross-section at R=20 and aspect 

ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 8. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=30 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 

 

Figure 9. Streamline plot, surface plot, and vector plot of the secondary flow 
for rotating straight duct of rectangular cross-section at R=30 and aspect 

ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 10. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=40 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 

 

Figure 11. Streamline plot, surface plot, and vector plot of the secondary 

flow for rotating straight duct of rectangular cross-section at R=40 and 

aspect ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 12. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=50 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 
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Figure 13. Streamline plot, surface plot, and vector plot of the secondary 

flow for rotating straight duct of rectangular cross-section at R=50 and 

aspect ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 14. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=60 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 

 

Figure 15. Streamline plot, surface plot, and vector plot of the secondary 

flow for rotating straight duct of rectangular cross-section at R=60 and 

aspect ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 16. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=70 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 

 

Figure 17. Streamline plot, surface plot, and vector plot of the secondary 

flow for rotating straight duct of rectangular cross-section at R=70 and 

aspect ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 18. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=75 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 

 

Figure 19. Streamline plot, surface plot, and vector plot of the secondary 

flow for rotating straight duct of rectangular cross-section at R=75 and 

aspect ratio � =2 with pressure driven parameter Pn =100. 

 

Figure 20. Contour plot, surface plot of the axial flow for rotating straight 

duct of rectangular cross-section at R=76 and aspect ratio �  =2 with 

pressure driven parameter Pn =100. 
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Figure 21. Streamline plot, surface plot, and vector plot of the secondary 

flow for rotating straight duct of rectangular cross-section at R=76 and 

aspect ratio � =2 with pressure driven parameter Pn =100. 

5. Conclusion 

In this paper, the fully developed laminar flow of viscous 

incompressible fluid has been investigated through a rotating 

straight duct for the different values of rotational parameter 

with a fixed aspect ratio and pressure driven parameter. For 

small rotational parameters, the asymmetry structure is 

visualized in the axial flow patterns while merely symmetric 

structure is observed for high rotation rate. The axial flow 

patterns are highly asymmetric along the horizontal line of 

the duct and the maximum value has been shifted towards the 

low pressure region. The axial flow strength decreases from 

the center line towards the duct wall. The double vortex 

patterns have been found in the secondary flow 

configurations for every rotational parameter. For moderate 

rotation rate, the double vortex secondary flow is slightly 

compressed against the upper and lower wall of the duct 

while the secondary flow vortices begin to stretch into the 

interior of the duct for high rotation rate. The increment of 

numerical value of the contour line of the axial flow or 

streamline of secondary flow is the same for every curve. In 

this numerical study, only two vortices have been found in 

the flow configurations for the fixed aspect ratio 2. However, 

more vortices can be observed in the flow configuration for 

variable aspect ratios which can be investigated in future. 
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