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Abstract: In the present numerical study is devoted to investigate the lid-driven cavity flow with wavy bottom surface. The 

cavity upper wall is moving with a uniform velocity by unity and the other walls are no-slip. The physical problem is represented 

mathematically by a set of governing equations and the developed mathematical model is solved by employing Galerkin 

weighted residual method of finite element formulation. The wide ranges of governing parameters, i. e., the Reynolds number 

(Re), and the number of undulations (λ) on the flow structures are investigated in detail. The behavior of the force coefficient Cf 

also has been examined. Streamline plots provide the details of fluid flow. The fluid contained inside a squared cavity is set into 

motion by the top wall which is sliding at constant velocity from left to right and the undulation which was induced at the bottom 

surface. It is found that these parameters have significant effect on the flow fields in the cavity. Furthermore, the trends of skin 

friction for different values of the aforementioned parameters are presented in this investigation. 

Keywords: Skin Friction; Lid Driven Cavity; Numerical Study, Wavy Surface 

 

1. Introduction 

Lid-driven flow in a two-dimensional square cavity is a 

classical, benchmark problem, which involves complex flow 

phenomena such as different types and scales of vortices, 

bifurcation, transition and turbulence. These important flow 

characteristics are closely relevant to a number of practical 

applications [1, 2]. Driven cavity flow serve as a benchmark 

problem for numerical methods in terms of accuracy, 

numerical efficiency and etc. Many studies can be found on 

the two-dimensional square cavity flow with its upper lid 

sliding at a constant speed. In fact, the literature review 

shows that two categories of studies were investigated [3]. 

The first category is concerned with a horizontal sliding lid, 

which encompasses the top wall [4–8], bottom-sliding wall 

[9], or an oscillating lid [10–12]. The second category is 

related with side driven differentially heated enclosures, 

where one wall or both vertical walls move with a constant 

speed [13–15]. 

Due to the simplicity of the cavity geometry and regular 

boundary conditions, applying a method on this flow 

considerably easiness and simplification in the numerical 

coding which allow to learn much about the fundamental 

issues underlying the steady flows in a finite closed enclosure. 

Despite its simple geometry, the driven cavity flow retains a 

rich fluid flow physics manifested by multiple counter 

rotating recirculating regions on the corners of the cavity 

depending on the Reynolds number. Erturk et al [16] states 

that a new quaternary vortex at the bottom left corner and a 

new tertiary vortex at the top left corner of the cavity are 

observed in the flow field as the Reynolds number increases. 

Erturk and Gokcol [17] have investigated the 2-D steady 

incompressible flow inside a triangular cavity. Their study 

shows that the flow structures in a triangle cavity greatly 

affected by the triangular geometry. Migeon et al. [18] 

studied experimentally the effects of lid-driven cavity shape 

on the flow establishment phase for square, rectangular and 

semi-circular cavities.  

Recently, Glowinski et al. [19] applied a finite element 

method to the wall-driven flow in a semi-circular cavity and 

revealed the vortex structure at high Reynolds numbers. 

Mercan and Atalik [20] have studied the high-Reynolds 

number lid-driven flow in arc-shape cavities with different 

cross sections is considered up to Re = 8000. They have 
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discussed the effects of aspect ratio or arc angle, r, on the 

formation and growth of vertical structures, as well as on the 

existence and development of periodic solutions. The works 

of Ostrach [21], Catton [22] and Yang [23] which described 

the importance of the inclined cavity. Sheikholeslami et al. 

[24] studied the problem of natural convection between a 

circular enclosure and a sinusoidal cylinder. They concluded 

that streamlines, isotherms, and the number, size and 

formation of the cells inside the enclosure strongly depend on 

the Rayleigh number, values of amplitude and the number of 

undulations of the enclosure. 

Most of the studies in the literature are concerned with the 

square or rectangular cavity flows, although in applications, 

the cavities may be non-rectangular. There are few studies 

dealing with flows in curved cavities driven by a moving lid. 

A sinusoidal wall is chosen for the bottom surface with 

different undulations. Therefore, in the present study, a 

numerical simulation has been conducted to realize the 

influence of the wavy bottom surface on the flow structures 

and skin friction in the square cavity. 

2. Mathematical formulation 

A two dimensional lid driven cavity of height and length L 

with wavy bottom surface is considered, as shown in Fig. 1. 

The shape of the bottom wavy surface profile is assumed to 

mock following the pattern ))2cos(1( xAy λπ−= , where A is 

the dimensionless amplitudeof the wavy surface and λ is the 

number of undulations. The upper wall of the cavity is 

allowed to move in its own plane at a constant speed unity 

and the other walls have no-slip condition. In general, the 

cavity fluid is assumed to be Newtonian and incompressible, 

unsteady and laminar flow. It is further assumed that viscous 

dissipation is neglected in this study. With abovementioned 

assumptions, the governing equations for conservations of 

mass and momentum can be written as 

 

Fig. 1. Schematic diagram of the cavity and boundary conditions 
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where ρ is the density of fluid, u=(u(x,y),v(x,y)) the flow 

velocity vector, p(x,y) the pressure, x=(x,y) the Cartesian 

coordinates and υ the kinematic viscosity of the fluid. 

The governing equations (1)-(3) are non-dimensionalized 

using the following dimensional variables: 
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Introducing the above non-dimensional scales into the 

governing equations, we obtain the non-dimensional form of 

the equations as follows: 
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The dimensionless boundary conditions are: Where Re is the non-dimensional Reynolds number given 

as 
υ

LU 0Re =  where 0U  is the reference velocity, υ  is the 

kinematic viscosity and L is the reference scale velocity. 

The relation defines skin friction at the upper wall
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The relation defines skin friction at the wavy lower wall 
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3. Numerical Method 

The governing equations along with the boundary 

conditions are solved through the Galerkin weighted residual 

finite element method. The formulation of this method and 

computational procedure is well described by Taylor and 

Hood [25] and Dechaumphai [26]. The computational 

domain is discretized employing the uniform mapped mesh 

grid system. Then the Galerkin weighted residual technique 

is used to convert the nonlinear governing partial differential 

equations into a system of integral equations that can be 

solved numerically. The integration involved in each term of 

these equations is performed by using Gauss’s quadrature 

method, which leads to a set of non-linear algebraic 

equations. These equations are then modified by imposing 

boundary equations that is transferred into linear algebraic 

equations by Newton-Raphson iteration. Finally, these linear 

equations are solved by applying Triangular factorization 

method. 

4. Grid Refinement Study 

A numerical method is said to be convergent if the solution 

of the discretized equations tends to the exact solution as the 

grid spacing tends to zero. Convergence of a non-linear 

problem can be investigated by numerical tests, i.e. repeating 

the calculation on a series of successively refined grids. If the 

method is stable and all approximations used in the 

discretization process are consistent, we will find that the 

computation does converge to a grid-independent solution. A 

grid that was 50% coarser and finer than the base case grid 

was used to conduct the grid independency test. The 

computations at base case conditions were repeated on this 

refined grid and the solutions are compared. The numerical 

results and its accuracy greatly influenced by the size of the 

grid. In this study, we have adopted three types of grids, 

namely coarse grid, base grid and fine grid to examine the 

influence of grid resolution on the numerical results. The 

coarse grid and fine grid are the 50% refinement of the base 

case grid. The base case grid consists of 125×125 grid points 

where as the coarse grid consists of 71×71 grid points and the 

fine grid consists of 190×190 grid points. From Fig. 2 we 

observe that for coarse grid, velocity profile and skin friction 

profiles are deformed from the base line curve but the 

velocity profile for base grid and fine grid remain almost 

same. Therefore, we can consider base grid for computational 

procedure. 

 

Fig. 2. (a) u-velocity profile along vertical line through the center of the 

cavity (b) variation of skin friction at the bottom wall for various grid 

point,λ=0, Re=103. 

5. Results and Discussions 

The characteristics of the flow fields in the lid-driven cavity 

are examined by exploring the effects of the Reynolds number 

Re, number of undulations, and amplitude of the wavy bottom 

surface. Such field variables are examined by outlaying the 

steady state version of the streamlines. The model validation is 

an essential part of a numerical investigation. Hence, the 

outcome of the present numerical code was benchmarked 

against the numerical results of Poochinapan and Ching Mai 

[28], which were reported for two-dimensional 

incompressible flow in a lid-driven cavity. The comparison 

was conducted while employing the following dimensionless 

parameters: Re = 100, 5000. Excellent agreement was 

achieved, as illustrated in Fig. 3(a) & 3(c), between our results 

and the numerical results of Poochinapan and Ching Mai [28]] 

for the streamlines inside the cavity. Further validation was 

performed by comparing the streamlines contour in the 

lid-driven square cavity between the present work and that of 

Moshkin & Poochinapan [27] while employing Reynolds 

number Re=1000 depicted in Fig. 3(b). Again, the comparison 

strikes excellent agreement between both results as displayed 

in Fig. 3(b). These validations boost the confidence in our 

numerical code to carry on with the above stated objectives of 

the current investigation. 
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2101Re ×=  
3101Re ×=  

3105Re ×=  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

Fig. 3. Streamline contour with a comparison to Poochinapan and Mai[28]( (a)& (c)) Moshkin and Poochinapan [27](b), present result (d), (e) & (f). 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Fig. 4. Streamline contour at 2101Re ×= , A=0.05 for (a) 0=λ  (b) 1=λ (c) 2=λ  (d) 3=λ  

The effect of number of undulation on the streamline 

contour is depicted in Fig. 4 at 3101Re ×=  from which we 

observed that undulation of the bottom surface affect the eddy 

on the bottom right corner and bottom left corner. A small 

eddy appears at right lower corner when undulation is not 

employed at the bottom lower surface. However, employing 

undulation at the bottom lower surface, a very small eddy 

occurs on the left and right bottom corner. Also in Fig. 4(d), 

we see that very small tertiary eddy occur in the left and right 

bottom corner, which indicate that the increasing the number 

of undulation affect the flow to the turbulent direction. 

The streamlines contour are illustrated in Fig. 5 for various 

undulations at Reynolds number, Re=1000.  from which we 

observed that for zero, first and second undulation large 

recirculation in the clockwise direction occur in the bottom 

right and bottom left corner also for second undulation tertiary 

eddy occur in the bottom right corner. We see from Fig. 5(d) 

for third undulation on the concave up region secondary eddy 

formulate and a small tertiary eddy occur on the bottom right 

and bottom left corner. The influence of number of 

undulations on the streamline contour are demonstrated in 

Fig.7 at Re=5000. It is observed from the figure that for first 

undulation secondary and tertiary eddy occurs in the bottom 

right and bottom left corner. From Fig. 6(c), we see that 

secondary and tertiary eddy occur in the bottom left and 

bottom right corner and a secondary eddy occur in the concave 

up region. From Fig. 6(d) we see that due to the symmetric 

property of flow in two dimensional recirculating flow in the 

clock wise direction that occur in the concave up region 

co-operate with the recirculating flow that occur in the bottom 

right and bottom left corner.  
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(a) (b) 

 

(c) 

 

(d) 

Fig. 5. Streamline contour at 3101Re ×= , A=0.05 for (a) 0=λ (b) 1=λ (c) 2=λ  (d) 3=λ  

The vortices contour for the amplitude of the wavy bottom 

surface A=0.05 and various number of undulations λ=0, 1, 2, 3 

is shown in Fig. 7. It was observed from Fig. 7 that vortices 

clustered near the left and right corner of the upper wall also 

some vortices occur in the upper half of the cavity. Also for 

undulations, small vortices occur at the upper pick point of the 

wave. The vorticity contour for the amplitude of the wavy 

bottom surface A=0.05 and various number of undulations 

number λ=0, 1,2,3 is shown in Fig. 8. From this figure, it was 

observed that vortiicity decreased in the bulk of the cavity and 

clustered near the boundary and the undulations of the bottom 

surface affect the vortices. 

 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Fig. 6. Streamline contour at 3105Re ×= , A=0.05 for (a) 0=λ  (b) 1=λ (c) 2=λ  (d) 3=λ  

The vorticity contour for and for the amplitude of the wavy 

bottom surface A=0.05 (a) λ=0 (b) λ=1 (c)λ=2 (d) λ=3 is 

shown in Fig. 9. From which it was observed that the vortices 

more clustered near the boundary and there is no vortices 

occur in the bulk of the cavity. These figures show the vortices 

that are formed in the flow field increases as the Reynolds 

number increases. The v-component velocity profile for 

various undulations along horizontal line through the center of 

the cavity has been presented in Fig. 10. It is observed that for 

low value of the Reynolds number, v-velocity along horizontal 

line through the cavity slightly affect near the left and right 

wall but for higher value of the Reynolds number effect of 

undulations on the v-velocity profile decreases. The 

u-component velocity profile for various undulations along 

vertical line through the center of the cavity is depicted in Fig. 

11. From which it is observed that for low value of the 

Reynolds number there is not accountable effect on the 

u-velocity but for higher value of the Reynolds number 

u-velocity profile affected by undulations of the bottom 

surface near the bottom surface and effect of undulation 

decreases as the value of y increases. 

 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Fig. 7. Vorticity contour for 
2101Re ×= , A=0.05 (a) � = 0	(b) 1=λ  (c)� = 2 (d) � = 3 

 

(a) 

 

(b) 

 

(c) 
 

(d) 

Fig. 8. Vorticity contour for 
3101Re ×= , A=0.05 (a) � = 0	(b) 1=λ  (c)� = 2 (d) � = 3 



38 K. M. Salah Uddin and Litan Kumar Saha:  Numerical Solutions of 2-D Incompressible Driven Cavity Flow with  

Wavy Bottom Surface 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 9. Vorticity contour for 3105Re ×= , A=0.05 (a) 0=λ  (b) 1=λ  (c) 2=λ  (d) 3=λ  

 

(a) 

 

(b) 
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(c) 

Fig. 10. v-velocity profile for various undulations along horizontal line through the center of the cavity, A=0.05 (a) 2101Re ×= (b) 3101Re ×= (c) 3105Re ×= . 

 

(a) 

 

(b) 

 

(c) 

Fig. 11. u-velocity profile for various undulations along vertical line through the center of the cavity, A=0.05 (a) 2101Re ×= ; (b) 3101Re ×= ; (c) 

3105Re ×= . 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 12. Variation of skin friction along bottom surface (a) 0=λ  (b) 1=λ  (c) 2=λ  (d) 3=λ  

 

(a) 

 

(b) 
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(c) 

Fig. 13. Skin friction along wavy bottom surface for various undulation (a) 
2101Re ×=  (b) 

3101Re ×=  (c) 
3105Re ×=  

Fig. 12 represents the variation of skin friction for Reynolds 

number, Re= 1 × 10	, 1 × 10�, 5 × 10�. From Fig. 12(a) we 

observed that negative skin friction for 0=λ  become 

maximum near at the middle point of the cavity lower 

boundary and it became minimum between the points x = 0.2 

and x = 0.3. For 1=λ  negative skin friction profile look like 

similar as for 0=λ  but the values of negative skin friction 

grow for undulation at the pick point. From Fig. 12(c) and Fig. 

12(d) we see that the negative skin friction rise depending on 

the increasing of the curve and it became maximum at 

maximum point but it decrease as the curve decrease become 

minimum at local minimum point but for higher Re have some 

complicated nature near the left and right boundary wall. 

Fig. 13 represents the negative skin friction for various 

values of Re. From Fig. 13(a) we observed that for skin 

friction smoothly increases for λ=0 and it becomes maximum 

the middle point of the lower surface and then decreases to 

zero at the right boundary. But employing the number of 

undulations at bottom surface the skin friction increases as the 

surface increases. The highest skin friction is found at the 

upper peak point. It decreases again when the curve goes 

downward. Thereafter, the lowest skin friction is obtained at 

the lower peak point. From Fig. 13(b) we observed that for flat 

surface, the skin friction slightly decreases near the left 

boundary and then increasing but the nature of the skin friction 

remain same as for except the maximum value of skin friction 

become lower. From Fig.13(c) we observed that it has the 

same nature as for except the maximum and minimum value. 

6. Conclusion 

In the present work deals with the effects of undulated 

bottom surface on a lid driven square cavity flow. In this paper 

we conducted a simulation of incompressible viscous flow in a 

lid-driven square cavity, described the cavity behavior of this 

flow at the high Reynolds numbers, examined effects of Re, 

number of undulations and the grid size on numerical 

solutions of streamlines. The results obtained show that the 

wall undulation affects the flow in the lid driven square cavity. 

Employing the number of undulations at bottom surface, the 

skin friction increases. The skin friction becomes highest at 

the upper peak point and it becomes lowest at the lower peak 

point. 
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