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Abstract: In this paper present on Fixed point Theorem in 2-metric spaces .A concept which has been in focus recent 

times. The result is supported with an example. 
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1. Introduction 

Theorem: - 

let ( X ,d) and (Y ,ρ)be a complete metric space .if  T:X→Y 

and S :Y →X satisfying the Conditions : 

1.1. [Fisher [1]] 

d(Sy , STx)  ≤  c max{d(x , Sy) , d(x , STx) , ρ(y , Tx)} 

ρ(Tx , TSy) ≤  c max{ρ(y , Tx) , ρ(y , TSy) , d(x , Sy)} 

for all x in X and y in Y, where 0≤ c<1 , 

1.2. [Popa [3]]  

d
2
(Sy , STx)  ≤  c1 max{ρ(y , Tx)d(x , Sy) , ρ(y , TSy) 

                      d(x , STx) , d(x , Sy)d(x , STx)} 

ρ
2
(Tx , TSy)   ≤  c2 max{ d(x , Sy) ρ(y , Tx) , d(x , STx) 

                       ρ(y , TSy) , ρ(y , Tx) ρ(y , TSy)} 

for all x in X and y in Y, where 0≤ c1,c2<1. 

1.3. [(Nešić[2]] 

M1(x , y )  =  {d
p
(x , Sy) , d

p
(x , STx) , ρ

p
(y , Tx)} 

M2(x , y)  =  {ρ
 p
(y , Tx) , ρ

p
( y , TSy) , d

p
(x , Sy)} 

for all x in X , y in Y and p = 1,2,3,…… 

let R
+
 be the set of nonnegative real numbers , and let 

Fi : R
+→  R

+
 be a mapping such that 

Fi(0)  =  0  and Fi is continuous at 0 for i = 1 ,2. If T and 

S satisfying the inequalities  

 

 

d
p
(Sy , STx)   ≤  c1 max M1(x , y )  + F1(min M1(x , y )) 

ρ
p
(Tx , TSy)   ≤  c2 max M2(x , y)  + F2(min M2(x , y)) 

for all x in X and y in Y, where 0≤ c1,c2< 1 . 

Then ST has a unique fixed point z in X and TS has a       

unique fixed point w inY . 

Futher, Tz = w and Sw = z. 

2. Main Results 

The theorem that we are attempting to prove generalizes 

that Fisher [1] ,Nešić[2] , Popa [3]theorem using an implicit 

relations . Let Φ3
(m)

 be the set of continuous functions with 

3 variables 

𝜑: [0,∞)3 → [0,∞)satisfying the properties: 

a. 𝜑 is non decreasing in t1 , t2, t3. 

b. 𝜑 (t,t,t)    ≤  t
m
     m∈N 

Some examples of such functions are as follows: 

Example 2.1     ψ(t1, t2, t3)  =  min {𝑡1
𝑝

, 𝑡2
𝑝

, 𝑡3
𝑝

} 

Example 2.2      ψ(t1, t2, t3)   =  min{t1t2, t1t3,t2t3} 

Example 2.3       ψ(t1, t2, t3)   =   min{t1, t2, t3} 

Example 2.4 𝜑(t1, t2, t3)   =  max{𝑡1
𝑝

, 𝑡2
𝑝

, 𝑡3
𝑝

}  , 

                 with m = p 

Example2.5 𝜑(t1, t2, t3)   =  max{t1, t2, t3} ,  

                   with m = 1    etc. 

Let F be a set of continuous functions F :[0,∞) → [0,∞) 

with F(0) = 0 (for example F(t)  =  t
q
  , q >0). 
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3. Main theorem 

Theorem 3.1 

Let (X ,d) , (Y, 𝜌) be two complete metric spaces and  

T : X → 𝑌 ,  S : Y →X two mappings . Let ∅ ∈ Φ3
(𝑚)

  , 

 ψi∈  𝛹3  ,Fi∈ 𝑓  𝑓𝑜𝑟 𝑖 = 1 ,2 . 𝑖𝑓 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈ [0,1),  
 the following inequalities are satisfied : 

d
m
(Sy , STx)         ≤      k𝜑1  (d(x, STx) ,𝜌(𝑦, 𝑇𝑥))  +   

                                 F1(ψ1(d(x , STx) , 𝜌(𝑦 , 𝑇𝑥)))                                   

                                                                …………. (1) 

ρ
m
(Tx , TSy)      ≤      k𝜑2(𝜌(𝑦 , 𝑇𝑆𝑦), 𝑑(𝑥 , 𝑆𝑦)) + 

                              F2(ψ2(𝜌(𝑦 , 𝑇𝑆𝑦), 𝑑(𝑥 , 𝑆𝑦)))                                       

                                                             …………… (2) 

for all  x ∈ X  ,  y  ∈ Y and some m  =  1 ,2,…….., 

then ST has a unique fixed point α∈ X and TS has a 

unique fixed point β∈ Y . Further Tα∈β and Sβ∈α  . 

Proof :-   let x0∈ X  be an arbitrary point .we define the 

sequences (xn) and (yn) in X and Y respectively as follows : 

xn=  (ST)
n
 x0    ,   yn =  Txn-1  ,     n = 1,2,3……, 

Let  us proof that the sequences (xn) and (yn) are Cauchy 

sequences . We assume that  xn≠xn+1 and yn≠yn+1∀n∈N , 

because otherwise if xn =xn+1 and yn = yn+1 for some n , we 

could put α = xn andβ = yn . 

denote  

dn =  d(xn, xn+1)  ,  𝜌n  =  𝜌(yn , yn+1)  , n = 1 , 2 ………, 

By the inequality (2) for x = x n-1 and y = yn we get : 

ρ
m
( yn , yn+1)  =  ρ

m
( Txn-1 , TSyn)  

            ≤  𝑘𝜑2 (𝜌(yn , TSyn) , d(xn-1 , Syn)) 

                        +F2(ψ2(𝜌(yn , TSyn) , d(xn-1 , Syn))) 

ρ
m
( yn , yn+1)    ≤  𝑘𝜑2  (𝜌(yn , yn+1) , d(xn-1 ,xn)) 

               + F2(ψ2(𝜌(yn , yn+1) , d(xn-1 , xn))) 

or  

𝜌𝑛
𝑚 ≤  𝑘𝜑2  (𝜌n , dn-1) + F2(ψ2(𝜌n , dn-1)) 

             =𝑘𝜑2  (𝜌n , dn-1)          ………………(3)                       

For the coordinates of the point (𝜌n , dn-1) we have : 

𝜌n ≤  dn-1,∀𝑛 ∈ 𝑁, because ; in case that 

𝜌n>  dn-1 for some n ,  if we replace the coordinates with 

𝜌n   and apply  the property  (a) and (b) of 𝜑2  we get 

𝜌𝑛
𝑚≤𝑘𝜑2  (𝜌n ,𝜌n )  ≤   k 𝜌𝑛

𝑚  

This is impossible since 0  ≤  k  <  1 . 

Replacing on the right hand side of (3) , the coordinates 

with ρn-1 and applying properties (a) and (b) of 𝜑2  we get  : 

𝜌𝑛
𝑚      ≤  𝑘𝜑2  ( dn-1, dn-1)     ≤  k𝑑𝑛−1

𝑚
 

Thus          ρn      ≤   m√ k   dn-1                                …     (4) 

By the inequality (1) for x  =  xn  and y = yn we get 

d
m
 (xn , xn+1)  =  d

m
 (Syn , STxn) 

  ≤ k𝜑1(d(x , STx) , 𝜌(𝑦, 𝑇𝑥)) 

     + F(ψ1(d(x , STx) , 𝜌(y , Tx))) 

  ≤ k𝜑1[d(xn , xn+1) , 𝜌(yn , yn+1) ) 

    + F1(ψ1(d(xn , xn+1) , 𝜌(yn , yn+1))) 

Or 

𝑑𝑛
𝑚    ≤ k𝜑1 (dn,𝜌n)  +  F1(ψ1(dn , 𝜌n)) 

          =k 𝜑1 (dn,𝜌n)   

In similar , we get : 

𝑑𝑛
𝑚≤ k𝜑1 (𝜌n,𝜌n)  ≤   k𝜌𝑛

𝑚 

Thus we will obtain  : 

dn    ≤   
m√ k 𝜌n 

By this inequality and (4) we get  : 

dn ≤ 
m√ k  (

m√ k dn-1)   

 ≤  m√ k   dn-1                                                         

 …….(5) 

by the inequalities (4) and (5) , using the mathematical 

induction , we obtain : 

 d(xn , xn+1)  =  dn  ≤   q
n-1 

di 

𝜌(yn , yn+1) =   𝜌n ≤   q
n-1 

d1Where     q =  
m√ k   <   1 

Thus the sequences (xn) and (yn) are Cauchy 

sequences ,since the Metric space  Let (X,d) ,(Y 𝜌)   

complete  metric spaces we have : 

lim𝑛→∞ 𝑥𝑛   = α ∈ X  ,   lim𝑛→∞ 𝑦𝑛  =  𝛽 ∈ Y  

by (1) for    y = β   and   x  = xn  we get : 

d
m
 (Sβ , xn+1)  ≤  k𝜑1(d(xn , xn+1) , 𝜌 (β , yn+1) ) 

                 + F1(ψ1(d(xn , xn+1) , 𝜌(β , yn+1))) 

letting   n→∞  , we get :  

d
m
 (Sβ , α)  ≤   k𝜑1(0 ,0)  + F(0) 

 ≤   k𝜑1(0 ,0)   

Or    

dm (Sβ , α)   =  <⇒   Sβ   =  α                                 …… (6) 

by (2) for x = xn and y = β we get : 

ρ
m
( yn+1 , TSβ)     ≤  𝑘𝜑2  (𝜌(β , TSβ) , d(xn , Sβ)) 

                    + F2(ψ2(𝜌(β , TSβ) , d(xn , Sβ))) 

letting   n→∞  , and using(6) we get : 

ρ
m
(β , TSβ)     ≤  𝑘𝜑2  (𝜌(β , TSβ) , 0) + F(0) 

or 

ρm (β , TSβ)     ≤  𝑘𝜌m(β , TSβ)  <⇒  TSβ  =  β              …(7) 

by (6) and (7) it follows : 

TSβ  =  Tα  =  β  

STα  =  Sβ  =  α 

Thus we proved that the points  α ,  β  are fixed points of 

ST and TS respectively . 
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UNIQUENESS  
 suppose that ST has a second distinct  Fixed point   

α′ in X . 

By (1) for x  =  α′ and y  =  Tα   we get : 

d
m
(STα ,STα′)   ≤ k𝜑1(d(α′  , STα′)  , ρ(Tα ,Tα′)) 

                    +  F1(ψ1( 0, ρ(Tα , Tα′))) 

Or 

d
m
(α ,α′)   ≤ k𝜑1𝑑(0  , ρ(Tα ,Tα′))  +  F1(0) 

 ≤ kρm(Tα ,Tα′)                               …..  …..  (8) 

By (2) for x = α′   and  y  =  Tα  we obtain : 

ρ
m
(Tα′  , Tα)    ≤ 𝑘𝜑2(ρ(Tα  ,Tα)  , d(α′  ,α )) 

                  + F2(ψ2(0 , d(α , α′)) 

or 

ρ
m
(Tα′  , Tα)    ≤  𝑘𝜑2(ρ(0 , d(α′  ,α )) 

                            ≤   kdm(α′  , α)                           ………(9) 

By (8) and (9) we get : 

d
m
( α , α′)  ≤ k

2
d

m
( α , α′)   

it follows  

d( α , α′)   =  0 

Thus we have again    α   =  α′  . in same way , it is 

proved the inequality of  β  ∎ 

  Hence Proved 

Theorem 3.2 

Let (X ,d) ,  (Y, 𝜌) be two complete metric spaces and   

 T : X → 𝑌 ,  S : Y →X  two mappings . Let  ∅ ∈Φ3
(m)

  ,  

ψi∈  𝛹3  ,Fi∈ 𝑓  𝑓𝑜𝑟 𝑖 = 1 ,2 . 𝑖𝑓 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 

 𝑘 ∈ [0,1),  the following inequalities are satisfied : 

d
m

(Sy , STx)  ≤   k𝝋1  (d(x , Sy) , d(x, STx) ,𝝆(𝒚, 𝑻𝒙) ,  

𝐝(𝐱 ,𝐒𝐲) 𝐝(𝐱,𝐒𝐓𝐱){ 𝟏+𝝆(𝒚,𝑻𝒙)}

𝟏+ 𝐝(𝐱 ,𝐒𝐲)
)   

+  F1(ψ1(d(x , Sy) , d(x , STx) ,  

𝝆(𝒚 , 𝑻𝒙),
𝐝(𝐱 ,𝐒𝐲) 𝐝(𝐱,𝐒𝐓𝐱){ 𝟏+𝝆(𝒚,𝑻𝒙)}

𝟏+ 𝐝(𝐱 ,𝐒𝐲)
))                       

   …….. (1) 

ρ
m

( Tx ,TSy) ≤ k𝝋2(𝝆(𝒚 , 𝑻𝒙), 𝝆(𝒚 , 𝑻𝑺𝒚), 𝒅(𝒙 , 𝑺𝒚), 
𝝆(𝒚 , 𝑻𝒙)𝒅(𝒙 , 𝑺𝒚){ 𝟏 + 𝝆(𝒚 , 𝑻𝑺𝒚)}

𝟏 +  𝝆(𝒚 , 𝑻𝒙)
 )) 

+F2(ψ2(𝝆(𝒚 , 𝑻𝒙), 𝝆(𝒚 , 𝑻𝑺𝒚), 𝒅(𝒙 , 𝑺𝒚),   

𝝆(𝒚 ,𝑻𝒙) 𝒅(𝒙 ,𝑺𝒚){ 𝟏+𝝆(𝒚 ,𝑻𝑺𝒚)}

𝟏+𝝆(𝒚 ,𝑻𝒙)
 ))                            

 ……… (2) 

for all  x ∈ X  ,  y  ∈ Y and some m  =  1 ,2,……..,then 

ST has a unique fixed point α∈ X and 

 TS has a unique fixed point β∈ Y . Futher Tα∈β   and    

 

 

Sβ∈α  . 

Proof :-   let x0∈ X  be an arbitrary point . 

we define the sequences (xn) and (yn) in X and Y 

respectively as follows : 

xn=  (ST)
n
 x0    ,   yn =  Txn-1  ,     n = 1,2,3……, 

Let  us proof that the sequences (xn) and (yn) are Cauchy 

sequences .  

We assume that  xn≠xn+1 and yn≠yn+1∀n∈N , 

because otherwise if xn =xn+1 and yn = yn+1 for some n , 

we could put α = xn andβ = yn . 

denote   dn =  d(xn, xn+1)  ,  𝜌n  =  𝜌(yn , yn+1)  , 

 n = 1 , 2 ………, 

By the inequality (2) for x = x n-1 and y = yn we get : 

 

ρ
m
( yn , yn+1)     =  ρ

m
( Txn-1 , TSyn)  

≤  𝑘𝜑2 ( ρ(yn , Txn-1),𝜌(yn , TSyn) ,d(xn-1 , Syn) , 

ρ(yn ,Txn−1) d(xn−1,Syn ) { 1+𝜌(𝑦 ,𝑇𝑆𝑦𝑛)}

1+ ρ(yn ,Txn−1)
)  

+ F2(ψ2(ρ(yn , Txn-1),𝜌(yn , TSyn) , d(xn-1 , Syn) , 

ρ(yn ,Txn−1) d(xn−1,Syn ) { 1+𝜌(𝑦 ,𝑇𝑆𝑦𝑛)}

1+ ρ(yn ,Txn−1)
)) 

ρ
m
( yn , yn+1)    ≤  𝑘𝜑2  (ρ(yn , yn) , 𝜌(yn , yn+1) , d(xn-1 ,xn), 

 ρ(yn ,y n )d(xn−1,xn) { 1+𝜌(yn ,yn+1 )}

1+ρ(yn ,yn )
) 

+ F2(ψ2(ρ(yn , yn) , 𝜌(yn , yn+1) ,d(xn-1 , xn), 

 ρ(yn ,y n )d(xn−1,xn) { 1+𝜌(yn ,yn+1 )}

1+ρ(yn ,yn )
 )) 

or  

𝜌𝑛
𝑚     ≤  𝑘𝜑2  ( 0 , 𝜌n , dn-1 , 0) + F2(ψ2(0 , 𝜌n , dn-1 , 0)) 

                          = 𝑘𝜑2  ( 0 , 𝜌n , dn-1, 0)                ….......(3) 

For the coordinates of the point (𝜌n , dn-1) we have : 𝜌n ≤  

dn-1  ,∀ 𝑛 ∈ 𝑁, because ; in case that 

𝜌n>  dn-1   for some n ,  if we replace the coordinates with 

𝜌n   and apply  the property  (a) and (b) of 𝜑2  

we get 

𝜌𝑛
𝑚    ≤𝑘𝜑2  (𝜌n , 𝜌n, ρn, ρn)  ≤   k  𝜌𝑛

𝑚 

This is impossible since 0  ≤  k  <  1 . 

Replacing on the right hand side of (3) , the coor1dinates 

with ρn-1 and applying properties (a) and (b) of 𝜑2 

 we get  : 

 

𝜌𝑛
𝑚      ≤  𝑘𝜑2  (dn-1 ,dn-1 , dn-1 , dn-1)     ≤  k𝑑𝑛−1

𝑚
 

Thus           

ρn      ≤   m√ k   dn-1                                   ………….. (4) 

By the inequality (1) for x  =  xn  and y = yn we get  

d
m
 (xn , xn+1)  =  d

m
 (Syn , STxn)   
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  ≤ k𝜑1(d(xn,Syn) ,d(xn,STxn), 𝜌(𝑦𝑛, 𝑇𝑥𝑛), 

d(xn , Syn )  d(xn, STxn){ 1 + 𝜌(𝑦𝑛 , 𝑇𝑥𝑛)}

1 +  d(xn , Syn )
 ) 

              + F1(ψ1(d(xn,Syn) ,d(xn,STxn),𝜌(yn, Txn), 

        
d(xn ,Syn )  d(xn,STxn){ 1+𝜌(𝑦𝑛,𝑇𝑥𝑛)}

1+ d(xn ,Syn )
)) 

  ≤ k𝜑1(d(xn ,xn),d(xn,xn+1),𝜌 (yn , yn+1), 

d(xn ,xn )  d(xn ,xn+1 ) { 1+𝜌 (yn ,yn+1 )}

1+ d(xn ,xn )
) 

 + F1(ψ1(d(xn , xn) ,d(xn , xn+1) ,𝜌(yn , yn+1) , 

d(xn ,xn )  d(xn ,xn+1 ) { 1+𝜌 (yn ,yn+1 )}

1+ d(xn ,xn )
)) 

Or 

𝑑𝑛
𝑚  ≤  k𝜑1 (0 , dn,𝜌n , 0)  +  F1(ψ1(0, dn , 𝜌n , 0)) 

       =  k 𝜑1 (0 , dn,𝜌n , 0)   

In similar , we get : 

𝑑𝑛
𝑚      ≤   k𝜑1 (𝜌n ,𝜌n ,𝜌n,𝜌n)  ≤   k𝜌𝑛

𝑚 

Thus we will obtain  : 

dn    ≤   
m√ k 𝜌n 

By this inequality and (4) we get  : 

dn ≤       m√ k  (m
√ k dn-1)  ≤  m√ k   dn-1               ……. (5) 

by the inequalities (4) and (5) , using the mathematical 

induction , we obtain : 

 d(xn , xn+1)  =  dn  ≤   q
n-1 

di 

𝜌(yn , yn+1) =   𝜌n ≤   q
n-1 

d1 

Where     q =  
m√ k   <   1 

Thus the sequences (xn) and (yn) are Cauchy 

sequences ,since the Metric space  Let (X ,d) ,(Y, 𝜌) 

complete  metric spaces we have : 

lim𝑛→∞ 𝑥𝑛  = α ∈ X  ,  lim𝑛→∞ 𝑦𝑛 =  𝛽 ∈ Y  

by (1) for    y = β   and   x  = xn  we get : 

d
m
 (Sβ , xn+1)  ≤  k𝜑1(d(xn , Sβ) , d(xn , xn+1) , 𝜌 (β , yn+1), 

                                
d(xn ,Sβ)d(xn ,xn+1 ) { 1+𝜌 (β ,yn+1  )}

1+ d(xn ,Sβ)
 )                

  + F1(ψ1(d(xn , Sβ) ,d(xn , xn+1),𝜌(β , yn+1) , 

                                             
d(xn ,Sβ)d(xn ,xn+1 ) { 1+𝜌 (β ,yn+1  )}

1+ d(xn ,Sβ)
)) 

letting   n→∞  , we get :  

d
m
 (Sβ , α)  ≤   k𝜑1( d(α , Sβ) , 0,0 ,0)  + F(0) 

 ≤   k𝜑1(d(α , Sβ) 0 ,0,0 )   ≤   kd
m
(α , Sβ) 

Or    

dm (Sβ , α)   =  0      <⇒   Sβ   =  α               ……….   (6) 

by (2) for x = xn and y = β we get : 

 

 

ρ
m
( yn+1 , TSβ)   ≤  𝑘𝜑2  (ρ(β , Txn) , 𝜌(β ,TSβ),d(xn , Sβ) , 

ρ(β ,Txn)d(xn ,Sβ)  { 1+𝜌(β ,TSβ)}

1+ ρ(β ,𝑇𝑥𝑛)
)  

  + F2(ψ2 (ρ(β,Txn),𝜌(β,TSβ),d(xn, Sβ)  , 

ρ(β ,Txn)d(xn ,Sβ)  { 1+𝜌(β ,TSβ)}

1+ ρ(β ,𝑇𝑥𝑛)
)) 

ρ
m
( yn+1 , TSβ)     ≤  𝑘𝜑2 (ρ(β , yn+1) , 𝜌(β ,TSβ),d(xn, Sβ) ,  

ρ(β ,yn+1)d(xn ,Sβ)  { 1+𝜌(β ,TSβ)}

1+  ρ(β ,𝑦𝑛+1) 
)  

 + F2[ψ2(ρ(β ,yn+1), 𝜌(β,TSβ),d(xn,Sβ), 

ρ(β ,yn+1)d(xn ,Sβ)  { 1+𝜌(β ,TSβ)}

1+ 𝜌(𝛽 ,𝑦𝑛+1) 
))

  

letting   n→∞  , and using(6) we get : 

ρ
m
(β , TSβ)     ≤  𝑘𝜑2  (0 , 𝜌(β , TSβ) ,0 , 0) + F(0) 

or 

ρm (β , TSβ)     ≤  𝑘𝜌m(β , TSβ)     <⇒  TSβ  =  β          

…………. (7) 

by (6) and (7) it follows : 

TSβ  =  Tα  =  β  

STα  =  Sβ  =  α 

Thus we proved that the points  α ,  β  are fixed points of 

ST and TS respectively . 

UNIQUENESS   
suppose that ST has a second distinct fixed point   αˈ  in X . 

By (1) for x  = αˈ   and y  =  Tα   we get : 

d
m
(STα,STαˈ ) 

               ≤  k𝜑1(d(αˈ ,STα),d(αˈ ,STαˈ ), ρ(Tα ,Tαˈ ),      

                        
d(αˈ ,STα)   d(αˈ ,STαˈ){1+ρ(Tα ,Tαˈ)} 

1+ d(αˈ ,STα)
) 

              + F1(ψ1(d(αˈ ,STα) ,d(αˈ , STαˈ ),ρ(Tα,Tαˈ ), 

                         
d(αˈ ,STα)   d(αˈ ,STαˈ){1+ρ(Tα ,Tαˈ)} 

1+ d(αˈ ,STα)
)) 

d
m
(STα ,STαˈ )   ≤  k𝜑1(d(αˈ  , α)  , 0 , ρ(Tα ,Tαˈ ) , 0) 

                            + F1(ψ1(d(αˈ  , α)  ,0 , ρ(Tα , Tαˈ ) ,0)) 

Or 

 

d
m
(α , αˈ )   ≤  k𝜑1(d(αˈ  , α) ,  0  , ρ(Tα ,Tαˈ ) , 0)  

                      +  F1(0) 

                     ≤  kρ
m
(Tα ,Tαˈ )                     ……….(8)  

 

 By (2) for x = αˈ   and  y  =  Tα  we obtain : 

 

ρ
m
(Tαˈ ,Tα)  ≤  𝑘𝜑2(ρ (Tα  ,Tαˈ ) ,ρ (Tα ,Tα) ,d(αˈ  ,α ) ,      

                           
ρ  (Tα  ,Tαˈ) d(αˈ ,α ){ 1+ρ  (Tα  ,Tα)}  

1+ ρ  (Tα  ,Tαˈ ) 
)  

                     + F2(ψ2(ρ  (Tα  Tαˈ ),ρ (Tα  ,Tα) , d(α , αˈ ) ,  

                          
ρ  (Tα  ,Tαˈ) d(α’ ,α ){ 1+ρ  (Tα  ,Tα) }  

1+ ρ  (Tα  ,Tαˈ ) 
)) 

  ρ
m
(Tαˈ  , Tα)    ≤  𝑘𝜑2(ρ  (Tα  ,Tαˈ )  , 0 ,  d(αˈ  ,α ) ,  

                           
ρ  (Tα  ,Tαˈ) d(αˈ ,α ){ 1+0}  

1+ ρ  (Tα  ,Tαˈ ) 
) 

                         + F2(ψ2(ρ  (Tα  ,Tαˈ ) , 0 , d(α , α’) ,  

                             
ρ  (Tα  ,Tαˈ) d(α’ ,α ){ 1+0 }  

1+ ρ  (Tα  ,Tαˈ ) 
) ) 
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    or 

     ρ
m
(Tαˈ  , Tα)    ≤  𝑘𝜑2(  ρ(Tαˈ  , Tα) , 0, d(α ,αˈ  ) ,  

                                              
ρ  (Tα  ,Tαˈ) d(αˈ ,α )  

1+ ρ  (Tα  ,Tαˈ ) 
 ) 

                               + F2(0)   

                        ≤   kd
m
(α , αˈ )ρ

m
(Tαˈ  , Tα)    

                        ≤  𝑘𝜑2(  ρ(Tαˈ  , Tα) , 0 , d(α ,αˈ  ) , 

                                       
ρ  (Tα  ,Tαˈ) d(α’ ,α )  

1+ ρ  (Tα  ,Tαˈ ) 
 )  

                        ≤   kd
m
(α , αˈ )   

                                                  ……..(9) 

 

     By (8) and (9) we get : 

          d
m
( α , αˈ )  ≤ k

2
  d

m
( α , αˈ )   

    

 

 

   it follows  

         d( α , αˈ )   =  0Thus we have again    α   =  αˈ   . in     

same way , it is proved the inequality of  β  ∎ 

                

     

 Hence Proved 
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