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1. Introduction

Theorem: -
let ( X ,d) and (Y ,p)be a complete metric space .if T:X-Y
and S :Y —X satisfying the Conditions :

1.1. [Fisher [1]]

d(Sy, STx) < c max{d(x, Sy), d(x, STx),, p(y , T)}

p(Tx, TSy) < ¢ max{p(y, Tx), p(y , TSy) , d(x, Sy)}
for all x in X and y in Y, where 0< c<1,

1.2. [Popa [3]]

dz(Sy , STx) < ¢y max{p(y, Tx)d(x, Sy), p(y , TSy)
d(x, STX), d(x, Sy)d(x, STx)}
pZ(Tx , TSy) < cpymax{d(x, Sy) p(y, Tx), d(x, STx)
p(y, TSy), p(y , Tx) p(y , TSy)}
for all x in X and y in Y, where 0< ¢;,C,<1.

1.3. [(Nesic[2]]

My(x,y) = {d°(x, Sy), d°(x, STx), p(y , TX)}

MZ(X ’ y) = {p p(y s TX) s pp( y ’ Tsy) ’ dp(x ' Sy)}
forallxinX,yinYandp=1,2,3,......

let R be the set of nonnegative real numbers , and let

Fi: R'= R" be a mapping such that

Fi(0) = 0 and F;is continuous at 0 fori =1 ,2. If T and
S satisfying the inequalities

d’(Sy , STx) < cymax My(x,y) +Fiy(min My(x,y))
pP(Tx, TSy) < cymax My(x,y) + Fa(min Ma(x , y))
for all x in X and y in Y, where 0< ¢;,c,< 1.

Then ST has a unique fixed point z in X and TS has a
unique fixed point w inY .

Futher, Tz = w and Sw = z.

2. Main Results

The theorem that we are attempting to prove generalizes
that Fisher [1] ,Nesi¢[2] , Popa [3]theorem using an implicit
relations . Let ®;™ be the set of continuous functions with
3 variables

@:[0,0)3 - [0,)satisfying the properties:

a. @ isnondecreasingint;, ty, ts.

b. @(ttt) <t" meN

Some examples of such functions are as follows:

Example 2.1 wy(ty, t, t3) = min {t?,¢7, 8}

Example 2.2 \V(tl, tz, t3) = min{tltz, tltg,t2t3}

Example 2.3 wy(ty, tp, t3) = min{ty, t,, t3}

Example 2.4  o(t, t, t3) = max{t?,¢f,¢F}
withm=p

Examp|e2.5 (p(tl, o, t3) = maX{tl, o, tg} ,

withm=1 etc.
Let F be a set of continuous functions F :[0,©) — [0, %)
with F(0) = 0 (for example F(t) = t% , g >0).
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3. Main theorem
Theorem 3.1

Let (X ,d), (Y, p) be two complete metric spaces and
T:X-Y,S:Y—-X two mappings . Let ¢ € ®J™ |
Vi€ Y3 Fef fori=1,2.if for somek € [0,1),
the following inequalities are satisfied :

d"(Sy, STx) < ke (d(x, STX) ,p(y,Tx)) +
Fi(ya(d(x, STX), p(y, Tx)))

p(Tx,TSy) < ki(p(y,TSy),d(x,Sy)) +

Folwalp (v, TSY), d(x, Sy)))

forall xeX ,y eYandsomem = 1,2,........ ,
then ST has a unique fixed point o€ X and TS has a
unique fixed point B€ Y . Further T,€p and Sg€a. .

Proof :- let x,€ X be an arbitrary point .we define the
sequences (X,) and (y,) in X and Y respectively as follows :

Xo= (ST)"Xo , Yn= TXp1, n=1,23...... ,

Let us proof that the sequences (x,) and (y,) are Cauchy
sequences . We assume that X,#Xn+1 and y,#Yn+1VNEN ,
because otherwise if X, =Xn.1 and y, = Yn.q for some n, we
could put a = x, andp =y, .

denote

dy= d(Xp, Xn41) » Pn = PYny Yier) ,0=1,2 ..., ,

By the inequality (2) for x =X ,; and y =y, we get :

P (Yo, Ynr1) = p"(TXn1, TSYp)

< ko2 (p(Yn, TSYn) , d(Xn.1, Syn))
+Fa(w2(p(Yn » TSYn) , d(Xn-1, Syn)))

P (Yoo Ynr1) < k2 (p(Yn, Yoer) » A(Xo1 Xn))

+ Fa(wa(p(Yn » Yns1) » A(Xn1, Xn)))
or

Pt < kg, (pn, Uha) + Fo(wa(pn s dna))
:kfpz (pn ’ dn-l)

For the coordinates of the point (p,, , ds.1) we have :

Pn < dn1,Vn € N, because ; in case that

pn> dnq for some n, if we replace the coordinates with
pn and apply the property (a) and (b) of ¢, we get

pr'<k@z (pn.pn) < kpy'

This is impossible since 0 < k < 1.

Replacing on the right hand side of (3) , the coordinates
with p,.; and applying properties (a) and (b) of ¢, we get :

pn' < koy (dhg, doa) < kdpty
Thus pn < ™k d e (@)

By the inequality (1) for x = x, andy =y, we get
d™ (Xn, Xps1) = d"™ (Syn, STXy)

<ke,(d(x, STX), p(y,Tx))
+ F(y(d(x, STX), ply , TX)))
<k@q[d(Xn , Xns1) , p(Yn s Yns1) )
+ Fa(wi(d(Xn , Xn+1) , P(Yn \ Yoe1)))
Or
dn' <keq (dnpn) + Fi(ya(dn, pn))
=K 1 (dn,pn)
In similar , we get :
dn'<k@y (Pnpn) < kpp'
Thus we will obtain :
do < ™Vkopy
By this inequality and (4) we get :

dy <™k ("VKdy)
S m\/k dn-]_

by the inequalities (4) and (5) , using the mathematical
induction , we obtain :

d(Xn , Xpe1) = dp < qn-ldi
p(Yn, Y1) = Po< q"'dWhere

Thus the sequences
sequences ,since the Metric space
complete metric spaces we have :

g= "Vk < 1

(x,) and (y, are Cauchy
Let (X.d) (Y p)

lim,,,x, =a€X , lim,,y, = BEY
by(1)for y=p and x =x, weget:
d™ (S, Xns1) < K1 (d(Xn, Xna) 0 (B Ynsa) )

+ Fu(wa(d(Xn , Xns1) - p(B 5 Ynea)))
letting n—oo , we get :
d"(SB, ) < ke¢,(0,0) +F(0)

< k¢,(0,0)
Or
d"(SB,o) = <= SB =0 ... (6)
by (2) for x = X, and y = we get :
P"(Yne1» TSP) < ko, (0(B, TSP), d(xn, SB))
+ Fa(y2(p(B . TSP) , d(Xn , SB)))
letting n—oo , and using(6) we get :
P"(B.TSP) < ke (p(B . TSP), 0) + F(0)
or
P" (B, TSB) < kp"(B,TSP) <= TSP = P -o(7)
by (6) and (7) it follows :
TS = Ta = B
STa = SPp = «

Thus we proved that the points o, B are fixed points of
ST and TS respectively .
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UNIQUENESS

suppose that ST has a second distinct Fixed point

a'in X,

By(l)forx = a'andy = Ta we get:

d"(STa ,STa') <ke,(d(a’ , STa') , p(Ta,Ta'))
+ Fu(yi( 0, p(Ta, Ta')))

Or

d"(a,0") <ke,d(0 ,p(Ta,Ta’)) + Fy(0)
<kp™(Ta,Ta') veeee eeeee (8)

By (2) forx =a’ and y = To we obtain :

p"(Ta' , Ta) <keap(Ta ,Ta) ,d(a' ,0))
+ Faya(0, d(a, )

or
p(Tal ,Ta) < kealp(0., do’ 0))

< kd™o' ) e 9)
By (8) and (9) we get :
d"(a, o) <Kd™(a, o)
it follows
d(a,a) =0
Thus we have again o = o .in same way , it is

proved the inequality of § m
Hence Proved

Theorem 3.2

Let (X ,d), (Y, p) be two complete metric spaces and
T:X->Y,S:Y—X two mappings . Let @ €®;™ |
vi€ Y3 FEf fori=1,2.if for some
k € [0,1), the following inequalities are satisfied :
d™(Sy, STx) < ke, (d(x, Sy), d(x, STX) ,p(y,Tx) ,
d(x,Sy) d(x,STx){ 1+p(y,Tx)}
1+ d(x,Sy) )
+ Fl(‘l’l(d(x ’ Sy) ’ d(X ’ STX) ’

d(x,Sy) d(x,STx){ 1+p(y,Tx)}))
1+ d(x,Sy)

p(y,Tx),

p"(Tx , TSy) < ko(p(y , Tx), p(y , TSy),d(x,Sy),
p(y,Tx)d(x,Sy){1+ p(y,TSy)}

1+ p(y,Tx) )

+F2(‘I’2(P(y ) T.X'), p(y ’ Tsy)r d(x ’ Sy);

p(y Tx) d(x,Sy){1+p(y ,TSy)} )
1+p(y Tx)

forall xeX , y eYandsomem = 1,2,.........then
ST has a unique fixed point o€ X and
TS has a unique fixed point € Y . Futher T,€ and

SBE(I .

Proof :- let x,€ X be an arbitrary point .

we define the sequences (x,) and (y,) in X and Y
respectively as follows :

X= (ST)'Xo , Yn= TXu1, n=
Let us proof that the sequences (x,) and (y,) are Cauchy
sequences .

We assume that X,#Xp+1 and Yp#Yn1VNEN ,

because otherwise if X, =Xn+1 and Y, = Y+ for some n ,
we could put a = x, andp =y, .

denote dy= d(Xn, Xn+1) » Pn = PWn» Yoed)

By the inequality (2) for x = x ,; and y =y, we get :

pm( Yns Y1) = Pm( TXp-1, TSYn)

< koo (p(yn, TXn1)0(Yn s TSYn) ,d(Xn1, Syn) ,
P(yn Txn—1) d(Xn-1,Syn) { 1+p(¥ .TSyn)})
1+ p(yn , TXn-1)
+ FZ(\VZ(p(Yn ’ TXn-l)nP(Yn ) TSyn) ) d(xn-l’ Syn) ’
P(yn Txn—1) d(Xn-1,Syn) { 1+p(¥ .TSyn)}))
1+ p(yn ,TXn-1)

Pm( Yoo Yne1) < k@2 (P(Yns Yn), P(Yn s Yaet) 5 d(Xn1 ,Xn),
P(Yn ¥ n)dXn-1%Xn) { 1+p(¥n Yn+1 )})

1+p(Yn .¥n)
+ FZ(\IIZ(p(Yn ’ Yn) :p(yn ’ yn+1) id(xn-l ] Xn)v

P(Yn ¥ n)dXn-1%Xn) { 1+p(Yn yn+1)} ))
1+p(¥n yn)

or

pt < kg2 (0, pn, A, 0) + Fo(yo(0, pn, o, 0))
= k(PZ ( 0 ’ pn ] dn.]_; O) --........(3)

For the coordinates of the point (p, , dn.1) we have : p, <
dn1 .,V n € N, because ; in case that

pn> dnq forsomen, if we replace the coordinates with
pn and apply the property (a) and (b) of ¢,
we get

pr' <k@z (pns Pos Prspn) < K pr’
This is impossible since 0 < k < 1.

Replacing on the right hand side of (3) , the coorldinates
with p,.; and applying properties (a) and (b) of ¢,
we get :

pnt < ko, (Ao ,dng, Aoy i)
Thus
Pn < m\/ k dn-l

By the inequality (1) for x = x, and y =y, we get
d" (Xn , Xne1) = d™ (SYn, STX,)

< kd™,
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<k, (d(Xn,SYn) ,d(Xn,STXn), p (W, Tx),
d(Xp,Syn ) d(%,, STx){ 1+ p(yn, Tx,)}
1+ d(x,,Syn) )
+ Fa(y1(d(Xn,SYn) ,d(Xn, STX0),0 (Yo, TXn),

d(xn ,Syn) d&xn,STxn){ 1+P(J/n‘Txn)}))
1+ d(Xpn ,Syn )

< k@1 (d(Xn Xn),d(Xn,Xn+1),0 (Yn \ Yne1),
d(Xn Xn) d(Xn Xn+1) {1+p (Yn ¥Yn+1 )})
14+ d(Xp ,Xn )
+ F1(w1(d(Xn , Xn) ,d(Xq , Xn+1) .0 (Yn s Ysa) s

d(xn Xn) d(Xn Xn+1) {1+p (yn ¥n+1 )}))
1+ d(Xp Xpn )

Or

d:ln = k(P1 (0 3 dn’pn ’ O) + Fl(\Vl(Ol dn 1 Pn s 0))
= k(pl (O 1 dn,pn 1 0)

In similar , we get :

di' < k@q (pn.pniprpn) < kpy'
Thus we will obtain :

dy < ™/ k Pn
By this inequality and (4) we get :
d,< ™k ("Wkdy) <™k dyy e (5)

by the inequalities (4) and (5) , using the mathematical
induction , we obtain :

d(X , Xne1) = dy < qn>1 d;
PYn s Yni1) = Pn< qn-l d;
Where q= "k < 1
Thus the sequences (x,) and (y,) are Cauchy
sequences ,since the Metric space Let (X ,d) (Y, p)
complete metric spaces we have :
lim, ., x, =a€X , lim,,, ¥y, = FEY
by (1) for y=p and x =x, weget:
d™ (S, xn1) < kg1 (d(Xn, SB) , d(Xn , Xne1) , p (B, Ynsr),
d(xn ,SB)d(Xn Xn+1) { 1+p (B.yn+1 )} )
1+ d(xn ,SP)
+ Fl(\lll(d(xn s SB) ad(Xn ) Xn+1),p(B 5 Yn+1) )

d(xn ,SP)d(Xn Xn+1) {1+p (B.¥n+1 )}))
1+ d(xp ,SB)

letting n—oo , we get :
d"(SB,a) < ke,(d(a,SB),0,0,0) +F(0)
< kg.(d(a,SB)0,0,0) < kd"(a, SP)
Or

d"(SB,a) =0 <= SB =«

by (2) for x = X, and y = B we get :

pm( Yne1, TSP) < ke, (p(B, TX,) , p(B ,TSP),d(Xs, SP) ,
p(B,Txn)d(xn ,SB) {1+p(B ,TSB)})
1+ p(B,Txn)
+ Fa(w2 (P(B, T%n),p (B, TSP),d(Xn, SB) ,
p(B,Txn)d(xn ,SB) {1+p(B ,TSB)}))
1+ p(B,Txn)
< ko2(p(B , Yns1) » P(B ,TSP),d(Xn, SP)
p(B.yn+1)d(xn ,SB) {1+p(B ‘TSB)})
1+ p(B.¥n+1)
+ Falya(p(B .Yne), p(BTSB) A% SB),

p(B.yn+1)d(xn ,SB) {1+p(B ‘TSB)}))
1+ p(B Yn+1)

P"( Yns1 > TSP)

letting n—oo , and using(6) we get :

p"(B,TSB) < ke, (0, p(B, TSP) .0, 0) + F(0)
or
p"(B.TSB) < kp"(B,TSP) <= TSP =B
............. @)
by (6) and (7) it follows :
TSP = Ta = B
STa = Sp = a

Thus we proved that the points o, B are fixed points of
ST and TS respectively .

UNIQUENESS
suppose that ST has a second distinct fixed point ao'
By(l)forx =a' andy = Ta we get:
d™(STa,STa' )
< ke,(d(a' ,STa),d(a’ ,STa' ), p(Ta ,Ta' ),
d(a',STa) d(a',STa){1+p(Ta,Ta')} )
1+ d(a',STa)
+ Fi(yy(d(a' ,STa) ,d(a’ , STa' ),p(To,Ta' ),
d(a',STa) d((x',STot'){1+p(T(x,Ta')}))
1+ d(a',STa)
d"(STo ,STa' ) < ke,(d(a' ,a) ,0,p(Ta,Ta' ), 0)
+ Fl(\']l(d((x‘l > (X,) 30 s p(Ta s Ta' ) 10))

in X.

Or
d"a, o' ) < kegi(d@ ,a), 0,p(Ta,Ta' ),0)
+ F1(0)
< kpM(Ta,Ta' ) eeeeeenens 8)

By (2)forx=a' and y = To we obtain :
p"(Ta' ,Ta) < k@o(p(Ta ,Ta' ),p(Ta,Ta),d@ o),
p (Ta ,Ta) d(a',a){1+p (Ta ,Ta)} )
1+ p (Ta ,Ta')
+ Fo(yap (Ta Ta' ),p(Ta ,Ta), d(o,a" ),
p (Ta ,Ta)d(a’,a){1+p (Ta ,Tar)} ))
1+p (Ta ,Ta')
p"(Ta' ,Ta) < k@sp (Ta ,To' ) ,0, d@' ,a),
p (Ta ,Ta") d(a',o){ 1+0} )
1+ p (Ta ,Ta')
+ FZ(WZ(p (Ta ’Tal ) > 0 > d(U. s 0“’) >
p (Ta ,Ta") d(a’,a){ 140} ) )
1+ p (Ta ,Ta')
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or it follows
p"(Ta' ,Ta) < key( p(Ta' ,Ta),0,d(a,o ), d(a,a ) = OThus we have again o = a' .in
p (Ta Tar) d(e’ ) ) same way , it is proved the inequality of B m
1+ p (Ta ,Ta')
+ Fy(0)
< kd"(a,a' )p"(Ta' , Ta) Hence Proved
< k@y( p(Ta' ,Ta),0,d(a,a" ), —_—
p (Ta ,Ta’) d(a’,a)
1+ p (Ta ,Ta') )
< kd"(a, o' ) References
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