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Abstract: In this paper we extend our studies for Modified Lupas operators introduced by Sahai and Prasad. We introduce and
develop some direct results for Stancu type generalization of above operators using linear approximation method. Fubini’s
theorem is used extensively to prove our main theorem. The anticipated improvement is made through technique of linear
combination is well corroborated by the results in the paper. Here, modification of operators through Stancu generalization plays

an important role to obtain better approximation results.
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1. Introduction

Modified Lupas Operators introduced by Sahai and Prasad
[1]1s

Ca(fow) = J;” M(nu, 0)f (£)dt

Where f € Lp[0,) and u = 1,u € [0, ).
Stancu type generalization [2] [3] of above operator gives,

cEP(fuw) = [ M, Of ("““) dt

Where u € [0, )

Here M(n,u,t) = (n— 1) Z‘;‘I?L=0 Inm (u)gnm ®)

And g,,(w) = ("+:’n1_1)um(1 + u)~(+m)

Howsoever, smooth [4] the function may be, the order of
approximation by these operators is at its best at order 0(n™1).
To improve order of approximation, May [2] and Rathore [5]
proposed technique of linear combination of these linear
positive operators.

Let cg,€1,Cp cen vvv e e
distinct positive integers.

(1.1)

(1.2)

¢, be k+1 arbitrary but fixed
Then linear combination

_ /2 (m/2 /2
ﬁ]m(t) = mf 2 f_n/z "'f—n:/z

We will use the following results:

a) f,m has derivatives upto order m, fnm Veac [1;] and
(m)

m  €xists a.e and belongs to Ly, (11).

[f(®) + (=) 1Am 3 F(0)] dtydt, ...

CP (f,k,w) of C“P)(F,w), j = 0(1), k is defined by,

(ejm)

|C((f§’f§ (fou) gt cg? ¥
C(n)ﬁ)(f k, u) —% C(C1‘rl) (f u) C]__l Cl_z ......... Cl_k (13)

By G Gt ok

Where A is Vandermonde determinant obtained by replacing
the operator column of above determinant by entries 1.
Simplification of (1.3) leads to,

CosP (F ke w)=EX_ DG, KYC ) () (1.4)

(n) (cjn)

k +0and D(0,0) =1

)

Where D(j. k) = —
izj 1t
Let 0<a;<az<a,<b,<by3<b <o and [;=
[a;, b;], i = 1,2,3. Also let [a] denote integral part of a.
Let 1 <p <oo,f € L,[0,). Then for sufficiently small
n >0, the steklov mean f; », of mth order corresponding to f

is defined as,

.dt,,

(1.5)

b Ifoiall, ) <
C) ”f fn,m”Lp(Iz) S Gm+1wm(fr 77: p' Il)
D fomll, ) < GmsallF iy

Gn 7w, r=123,..
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o I ll, ) < £l

Where Gjs are certain constants independent of f and 7.
Here, AC [a, b] represents absolute continuous function on
[a, b]. Set of all functions of bounded variation on [a, b] is

m+377
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2. Some Aucxiliary Results

Lemmal. [1] For the function, the mth order moment

T((na) ") be defined on [0,00) as,

represented by BV[a,b]. The semi-norm ||fllpyjqp is 7@B) (@B) [ (nt+a m 21
o : m = ((m_”) '”) 2.1
defined by total variation of f on [a, b].For f € L,[a,b],
1< p < o, the Hardy-Little Wood majorant of f is defined as, m
P Y ! T(Sf)ﬁ) f M(n,u,t) (ntm - u) dt
sup 1 (¢ (@) tr m
hf(X) = ( Sx (_—x-[c f(t)dt, (a S c S b) of1, T i - (Tl— 1)2m Ognm(u)f gnm(t) (n " u) dt
Here T(sq)ﬁ )isa polynomial of degree m.
Also, T(;)B )is a rational function in n.
Consequently for u = 0, T((a mﬁ )) (w) = 0(n~lm*+D/2]) for u € [0, ). (2.2)
Using, Holder’s inequality, we get,
c(n)’”(u ul|",t) = 0(n"™/2) for each r > 0 and for fixed t € [0, ). (2.3)

Here [a] is an integral part of a. Also, for any given number A > 2, and u > 0, there is an integer N (A, u) > 2, such that,

(@B) -
T(n 2 =

Lemma 2. For p € N and n sufficiently large there hold,
C(n)ﬁ)[(t —wP k,u] =

Where S(p, k, 1) is certain polynomial in u of degree p/2.
Proof. From Lemma 1, for sufficiently large n, we can write,

C(n)ﬁ)[(t — WP, ul=Q,(wn~"[@+1/2 1 o (u)n-UP+v/20+1} 4

Where Q;(u),i = 0,1,

Therefore, C((:)B )((t —u)P, k,u) is given by,

@ for all n € N(4,u)

2.4)

1
e Sk w + 0(1)

are certain polynomials in u of degree atmost p.

Qo (W) (don)~[@+1/21 4 0, (u) (dyn)~He+D/21+1} 1 +dytdg? ... dgk
Qo(u)(dln) [(p+1)/2] + Ql(u)(dln) {[+1)/2]+1) + . e ditdy? . dTR
Qg(u)(dkn) i(p+1)/2] +Q1(u)(dkn) ({G+1)/2141) et ditdi? . d R

= n~ VLS (p, k,u) + 0(1)} for each fixed u € [0, o).

3. Direct Results

Theorem 1. Let f € L,[0,),p > 1. If f has (2k + 2) derivatives on I; with f@**D € AC(L,) and f@**? € L, (I,) then

all, n sufficiently large,

||C((1?5B)(f’ k") - f”Lp(Iz)

Where D is constant independent of f and n.
Proof- Inview of [6],let u€ I, and t € [,

rGes)

Where @(t) is characterstic function of I; and,

2k+1 (rrllt:ﬂ u)
j=0

)2k+1

6)) t(ntta (2k+2) nt+a
— P+ (2k+1)‘f (n+B f( (n+/3’ ’

D
S ) (I GO, o * 1 lipioe )

W) (1=

nt+a
n+p

)

3.1)
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nt+a nt + a Zk“(:lf:/? u)j
)= Gag) - 2w

=0
Forall t € [0,00) and u € I,.

Operating on this equality (3.1) byC, ((:)’B )(- k,u) and splitting right hand side into three terms, say, ¥;, ¥,, ¥, we have

2k+1

Ay i
il = wm| O I, 0,
j=1

A
< e (W + 172l )

In view of lemma 2 and [7], let h; be Hardy Little wood majorant

[8] of £@k+2) on I,.
Now by Holder’s inequality and (2.3),
t
2k+
_N@p nt+a nt+a (2k+1)
K, =|Coy n+ﬁ n+,8 a) fa dwu

u

< c@p (nt+a> |nt+a
™ n+p/)In+p

2k+1 £
-u ff((j)kﬁ)dw u

< @ (nt+a> (nt+a )2"’“2 L (nt+a>|

o \xp )\ \nxp /I
@p) [t +a

S{C(n) <|n+,8_u

(2k+2)q> ” (T;t:;) | u}l/q
(e (o, (222 0 (52 )}

n+p

by

nt+a
n(k“) fM(nut)|hf( ,3)| dt
az

l/p

Using Fubini’s Theorem and [9],

bz by

A nt+a
(LA _n(k+1)pf fM(n u, t)|hf( +ﬁ)| dtdu
a, a;

by

nt + a\|?
<n(kT)pf fM(nut) |hf< )| dt

n+p
a az

nt + a
n(k+1)p f | dt

< A ||h nt + a\||?
= . (k+1) f( )
n p n+p Lp(1y)

2k+2
Hence, ”Kllle(Iz) S D n(k+1) ”f( )”Lp(ll)
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SO, “WZ”Lp(Iz) = n(k+1) ”f(2k+2)||Lp(11)
For, t € [0,0)\[a;,b,],u € I,,3 & > 0, such that |t —u| < 4.

(@.B) nt+a 4 (ntta - ) @B nt+a ntta 2k+2 )
Thus’ C("?) (F (n+B 'u) (1 0 (n+l3>'u)> <94 2z C(z) <|F (n+,8 'u)| (n+l3 u) U
2k1 LT QX |j
nt+a + nt+a
< “’“”cé:)“'lf(w>l+ 2 oI
j=0

2k+1 )
({0 [ S M R ML [CET B0
" n+p/I\n+p j! " n+p ’

:Kz + K3 (Say)
Using Holder’s inequality and (2.3),

1
Ag nt + a\|? /v
(a.8)
el < e (657 | (s i )| )
Now, reapplying Fubini’s Theorem and [10],

Ay
Kz Il < ey 1S 11, 0,00
Using equation (2.3) and [7] [11],

Ag
(2k+2)
1Koy < s (1 y i + P22, )

Therefore,

4o
(2k+2)
193000 < s (1 oy + IFE21, )

The result follows.

Theorem 2. Let f € L,[0,0). If f has (2k + 1) derivatives on I, with f@% € AC(I,) and f@**D € B.V.(l,), then for
all n sufficiently large

D
||C((:jﬁ)(f’ k) = f||L1(12) = nk+1) {||f(2k+1)”3.v.(11) + ||f(2k+1)”L1(12) + ”f”Ll[o"”)}

Where D is a constant independent of f and n.
Proof. For our assumption of f, and for almost all u € I, and for all t € I;, we have,

nt+a 2k+1<r111t:/? )i o 1 fmt+a e ks nt+a
f(m)ziz[;—f (u)+(2k+1)!j(n+ﬁ_w) af (w)(p(n+ﬁ)

+F (nt+a ) 1 (nt+a)
n+p o ¢ n+p
Where ¢(t) is characterstic function of ;.
nt+a nt+a n+p %) .
)~ - 3
n+p u)=1 n+p 4 i! fraw

for almost all u € I, and ¢t € [0, ).
Thus,
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2k+1

CP(fhow) = fa) = Z

f ‘)(u) a nt+a i
Co ((n+ﬁ _u) ’k’u>

1 c@p (fuf (”fj - w)2k+1 df @+ () o (f:;‘) k, u)

+(2k+1)! ()] n+p
(a,p) nt+a _ nt+a
+ Cowy (F (n+B '”) (1 ¢ (n+,8 ))"“”)

= Kl + KZ + K3 (Say)

Applying lemma 2 and [7] [12],
B,
||K1”L1(12) < _n(k“) (||f||L1(12) + ||f(2k+2)||L1(12))

Further,

t
nt +a 2k+1 nt+a
C(aﬁ) f 0.) df(2k+1)(w)§0( )’u
+p
u

H

()]
Ly(I2)

bz by

f fM(nut)|nt+a

az ax

2k+1 £
f |df @+ (w)|[ dedu

u

For each n there exists a non-negative integer r = r(n) such that

- < max(b; —a,, b, —a;) < r+1)
Vn Vn
Then, we have,
r b2 u+{(+1)/Vn} it a it a - u+{(1+1)/Vn}
HSZ f f (p(n+ﬁ)M(n, ,u)| —u . f p(w)|df @+ (w)| |dt
1=0a; | u+(t/vn) u
vl nt+a nt+a Zk+1 r
S R o LRI et #(@) |af @)
u-{+1)/VR)

u—{(1+1)/Vn}
Let @@ca)(®) be characterstic function of the interval [u — (c/vn),u + (d/vn)], where c,d are non-negative integers.

Hence, we get,

r by ( put{(+1)/Vn} nt + «a n2 it +a 2k+5
ne Y [ (B e
1=1Ja, (Ju+(/vm) n+p “lin+p
u+{(l+1)/Vn}
X < f P (@) P01 (@) |df @F+D (w)|> de
+fu (l/\/—) nt+a>M( t) 2 nt+a 2k+5
nut)—|——s—
(l+1)/\/—} n+ﬁ l4 Tl+ﬁ
X ( ‘P((D)‘P(u,Lﬂ,o)(w)ldf(2k+1)(w)|> dtidu
—{a+1)/vn}
+fb2 J-al+(1/\/—) nt+a> (nt. )|nt+a 2k+1
n,t,u
a; 1/\/— TL + ﬁ

u+(1/vn)
X (f P(@) P11 (W) |df(2k+1) ((‘))|> dtdu
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<

2 p 1+1)/Vn 2k+5 b
i 0 (L85 ™ 0 () om0 P ) (12 prson @l 0@ ) e+

—(1/Vn) nt+a nt+a 2k+5
Sty ® (n+ﬁ)M(n g )| —ul %

(12 G @laf @D @) de) duls 22 (575 g ("”"‘) Mn,tu) |55

n+p

(fal P (@)|df (Zk“) (w)|) dtdu

2k+1
|7 %

Using lemma land Fubini’s theorem in the next step to obtain,

= et Bt (02 (52 Ocunsen @) a7 2@ + 12 (1 0o (@) ) a0 +
2 (12 @) lar @ @)

As " e du | |dF@k+D . w+{a+1)/ﬁ}d dF@k+D)
<3
= L@ D/2 Zl=1 fal <fw—{(l+1)/\/ﬁ} ”>| f ()| + Ll fw u ||df (w)]

by w+(1/vn)
(T
az w=(1/vn)
Ay
T

Hence, [|Klly,q) < n(k+1) [| £ G|
Here, Ag depends on k.
Forall, t € [0,00)\[as,b;] and all u € [,, we can choose a 6 > 0 such that [t-u| > 9,

6 ) ( ~o(oep >>” i
< ol 2o S [rnnoio
y |nt ta u|i (1 — (nt + a)) dtdu
n+p n+p

=K, + K; (say)

BV (l1)

For sufficiently large t, there exists constants D, and A4 such that,
nt+a_ \2k+2

(n+[>’ —u)
nt+a 2k+2
(n+ﬁ) +1

By Fubini’s Theorem,

= Ag forall t = Dy and u € I,.

K= L2+ b Moo |f (55)| dudt = Kq + K; (say)

nt+a
(1 - (n+l3 >>
Now, using lemma 1,

e ([ () <wes ([ Gaple)

~ nletD) n+pB

A
Hence, K, < n(k—zg”f"Ll[o,oo)
Further using (2.3) and [7],

And

Y (nt+a_u)2k+2
1 oo n+p nt+a
K < A6 fDo fazz M, u,t) {(nt:a)z’”z } |f ( )

n+p

dudt

Ay
Ks < gy (s + 1FE2 )

The above estimates of K, and Kz leads to,
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A
1Ks ) < gy (1 Naagoem) + PP )

By combining estimates of K;, K, and K3, we get the
required result.

4. Conclusion

Using technique of linear approximation method, we get
direct theorem for linear combination of Stancu generalized
modified Lupas operators. Similarly, we can also get local
inverse and saturation results.
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