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Abstract: A simple polygon that either has equal all sides or all interior angles is called a semi-regular polygon. In terms
of this definition, we can distinguish between two types of semi-regular polygons: equilateral polygons (that have equal all
sides and different interior angles) and equiangular polygons (that have equal interior angles and different sides). To
analyze the metric properties of semi-regular polygons, knowing only one basic element, e.g. the length of a side, as in
regular polygons, is not enough. Therefore, in addition to the side of a semi-regular polygon, we use another characteristic
element of it to analyze the metric features, and that is the angle 6=2(a,b) between the side of a semi-regular polygon Py
and the side b of its inscribed regular polygon P,. Some metric properties of a semi-regular equilateral 2n-sides polygon are
analyzed in this paper with respect to these two characteristic elements. Some of the problems discussed in the paper are:
convexity, calculation of surface area, dependence on the length of sides @ and 8, calculation of the radius of the inscribed
circle depending on the sides a and angles &, and calculation of the surface area in which the radius of the inscribed circle is
known, as well as the relationship between them. It has been shown that the formula for calculating the surface area of
regular polygons results from the formula for the surface area of 2n-side semi-regular, equilateral polygons. Further, by
using these results, it has been shown that the cross-sections of regular polygons inscribed to semi-regular equilateral
polygons, the vertices of equiangular semi-regular polygons, as well as the sides of the regular polygons inscribed to it,
intersect in the same manner at the vertices of the equilateral semi-regular polygon. It has further been shown that the sides
of the equiangular semi-regular polygon refer to each other as the sines of the angles created by the sides of the inscribed
polygons and the side of the semi-regular polygon.
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3. a is a side in a semi-regular polygon Py,

4. bj,j € N side in a regular polygon P! "inscribed" to a
semi-regular polygon Py = A;4,...Ay , constructed by
joining its vertices in even (or odd) positions,

5. Interior angles of a semi-regular polygon at odd vertices
are marked with a, and those at even vertices are marked
with

6. Isosceles triangles

1. Introduction

A simple polygon Py = A, A,...Ay that has equal all sides
or equal all interior angles is called a semi-regular polygon [8,
9, 10, 11]. In terms of definition, we distinguish between two
types of semi-regular polygons: equiangular (having equal
interior angles and different sides) and equilateral (having
equal sides, and different interior angles). We consider that
vertex 4;,i =1,2,...,N,i € N of a polygon is in an even
position, or odd position, if index i is even, or odd number,
respectively. In this paper we consider convex equilateral
semi-regular polygons. The marking is as follows:

1. N is a number of sides in a semi-regular equilateral
polygon,

2. n is a number of sides in a regular polygon,

A A1A2A3,A A3A4_ AS ) ,A AZn—lAZnAl

are triangles constructed over each side of an "inscribed"
regular n-triangle.

7. r is the radius of the inscribed circle to the semi-regular
equilateral polygon (Figure 1).

In addition to these interpreted marks, all other marks will
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be interpreted when mentioned in a given definition.

To a semi-regular equilateral polygon Py = A14,... Ay
with N =2 -n,n > 2,n € N and with equal sides there can
be “inscribed” regular n — side polygons by joining odd
vertices Pl = A;A3As... Ayy_3Ay,_1 , Or even vertices
P2 = A,A54,4... Agy A5,

A‘Zu—?

Figure 1. Basic elements of equilateral semi-regular polygon ?2‘1'15 of a side
a and angle 6.

To analyze the metric properties of regular polygons, it is
sufficient for us to know one basic element, i.e. the length of
a side, while for the semi-regular polygons this is not
sufficient [2].

Therefore, in addition to side a of a semi-regular polygon,
for the analysis of the metric properties we will use another
element of it, and that is the angle between side a of the
semi-regular polygon and side b of its "inscribed" regular
polygon, which we mark with §, i.e. § = £(a, b) (Figure 1)
[31].

To show that a semi-regular equilateral 2n —sides polygon
is given by side a and angle §, we write: ?z'ff.

If}/ — (n-2)m

,n = 2 is the interior angle of the "inscribed"

regular polygon P, then a =y + 286 = @ + 26 gives

interior angles at odd vertices, and § = m — 2§ gives the
ones at even vertices of the semi-regular polygon P2 of a
side a, where § = £(b, a) marks the angle between the sides
of polygons P} and P,,, (Figure 1). Here, we consider that a
regular polygon with n = 2 sides (segment) is "inscribed" to
a semi-regular equilateral quadrilateral (rhombus).

Next, we consider those values of angle § for which Py is
a convex semi-regular equilateral polygon. We find the
values of angle § for which semi-regular equilateral
polygon P,,,,n > 2,n €N is convex from the inequality
which connects the definition of convexity with the values of
interior angles of the semi-regular polygon [2].

That is, from inequality « <m i f <m and values of
angles «, f we find that for all § € (0,%) a semi-regular

equilateral polygon P,, is convex, while for § = 27” it is

convex and regular. The following is true:

An equilateral semi-regular 2n-sides polygon of a side a
and angle § is:

1. convex, if § € (0,%). Ford = % it is regular and convex.

2. non-convex, if § € <§'§)
3.if6 > g, then semi-regular polygon P,,, is not defined
[8-11].

2. My Result
2.1. Surface of Semi-Regular Equilateral Polygon ?'21‘,‘:

Let us show that the surface area of P(a,d) equilateral
semi-regular 2n-sides polygon as a function of a side a and
angle § is calculated by the formula (1).

Theorem 1. The surface area of equilateral semi-regular
2n- side polygon of side a and angle § is calculated by the of
formula

_ 2 €0Sé T
P(a,d) =na @cos(z —-9), (N
where n is the number of sides of the "inscribed" regular
polygonn = 2,n € N.
Proof: Note that for the surface area of the inscribed
equilateral semi-regular polygon ?z'f,;‘s the following equality
is valid

P(a, &) = A(PP) + nA(P;) 2)

where A(PP) is the surface area of the inscribed regular n-
sides polygon of a side b, and A (P;) is the surface area of
the isosceles triangle.

Let us further note a fragment of a semi-regular polygon
(Figure 2). It follows from a special right triangle A 4;4,K
that b = 2acosd, so the surface area of an isosceles triangle
is A(P;) = a?sindcoss.

Further, for the surface area of the "inscribed" polygon %,,
according to the markings in Figure 2, the following is valid
AP = D p2cots = E(Zacos5)2cotf — na2cos28cot—

"4 2 4 n n

Based on that, the surface area of a semi-regular

equilateral polygon P,,, is

P(a,6) = nazcoszc?cot% + na®sindcosd

) T ,C I
= na“cosé(cosdcot—+ sind) =...=na 7 cos(—=—6).
n n

sin—
n

Corollary 2. Notice that for § =% 2n -sides polygon

becomes a regular polygon and the formula for calculating
the surface area is

COS5—
n [ T

P(a,8) =na? —— —
(a,8) =na T cos(n 2n)
n
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The latter equality is a formula for calculating the surface
area of a regular 2n-sides polygon.

If in the formula for calculating the surface area of a semi-
regular polygon we include that n = 2, then we get that

o)
P(a,8)=2-a*- cosn - cos (E— 6)
sin7 2

= 2a®cosd cos (g - 5)

= a®sin(24),

i.e. we get a formula for calculating the surface area of an
equilateral quadrilateral (rhombus), where § is the angle
between the diagonal and the side of the rhombus.

2.2. Radius of the Inscribed Circle

For a semi-regular equilateral convex 2n-sides polygon of
a side a and angle & to which the circle of radius r can be
inscribed, the following theorem holds:

Theorem 3. The radius of a circle inscribed to a semi-

regular equilateral polygon sz‘fq’s depending on a side a and
angle 6 is calculated by the following formula

cosé cos(%—&)

) )

r=a T
sin—
n

where n is the number of sides of the "inscribed" regular
polygonandn > 2 and n € N.

Figure 2. A fragment of 2n-sides polygon.

Proof: From a special right triangle A 0A,L (Figure 2) we
have that tan= = —— and from it x = a — —. Similarly,
2 a—x tan;

from a special right triangle A OA,L it follows that tang = £

If we include the calculated value for x in the latter
equality we find that

r

T
r=(a— )tan(E—S).

a
tan 7

If we express radius r from this equality, after calculation,
we find that

Since,

e_-2m +6 andg

2n
=Z_§and tan(E - E) = cotZ,
2 2 n n

from the latter equality, after replacement, we find that the
radius of the inscribed circle can be obtained by the formula

cots cot(%—é‘)
cot8+cot(%—5)'

(4)

From this equality, we obtain the required form

T
cosécos(=— 6)
_ n
r=a — :
sin—
n

Corollary 4. If in the latter equality we put that = % we get

thatr = acotg, i.e. the radius of the inscribed circle of a

regular P,, polygon.
Corollary 5. If we write equality

= cusé‘cos(%—&) in a form of = =
a

- . T
St

cos&cos(%—&)

. T
Sin—
n

and substitute it in the formula for the surface area of a semi-
regular equilateral 2n —sides polygon, after calcuation we
get the following:

P(a,6)=na2£=n-a-r. 5)

From this it follows that the surface area of a semi-regular
equilateral polygon P,, is equal to the product of the length
of the side, the radius of the inscribed circle, and the number
of sides of the inscribed regular n-sides polygon.

L . cosé cos(E—é)
Also, if in equality r = aTE"
n

we put that a =

b . . .
Soos after calculation we find that the radius of the inscribed

2cos
circle to a semi-regular equilateral polygon depending on a

side b of a regular polygon 2, inscribed to it and angle
6 = £(a, b), can be expressed by the following relation

_ beos(i-s)

. T
2  sin—
n

(6)
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Proposition 5. The surface area of a semi-regular
equilateral polygon with N = 2n,n = 2,n € N, sides can be
calculated by the following formula

Pon = & (7

~ 2cosé

where b is the side of the inscribed regular n-sides polygon,
r is the radius of the inscribed circle and § = 2(a, b) is the
angle between the side of the semi-regular polygon and the
inscribed semi-regular n-sides polygon.

2r _ cos(z-6)

Proof. Since o T T from the formula for the surface
n

area of a semi-regular 2n —sides polygon

P,, = na? coso cos(E =)
2n . T n
sin—
n

and based on the previous relations we have that

A

, COS6 T ) 2r
Pon = na cos (— - 5) = na“cosé —
sin— n b

— ncoss 2~ b? _ nrb
- b 4cos28  2cos8

(®)
2.3. A Constructive Task

Let us formulate and prove the following theorem, which
is related to the problem of a semi-regular 2n-sides polygon
and regular polygons inscribed therein.

Theorem 6. Let A,, = A14,... A3 14, n>2 be a
convex equilateral semi-regular 2n-sides polygon and
Pl =A1A54A5..  Agn_3Asn 1, PE = AA34,... Ayp_2A5, be
regular n-sides polygons inscribed therein, formed by joining
the vertices at odd or even positions. 7o be proven:

1. the intersection points of the sides of these regular
polygons are the vertices of an equiangular semi-regular
2n-sides polygon B, = B;B;B5...Byy,_1Ban,

2. the lengths of the sides of that equiangular polygon B,,,
relate as the sine of the angles closed by the sides of
regular polygons with the side of a semi-regular
equilateral 2n-sides polygon A ;.

Proof. a) Let there be a fragment of a semi-regular

equilateral 2n-sides polygon

Ayp = A14,... A5, of aside a and
P = A1A3As... Apn_3Azn_q
P2 = A,A3A,... Agy_2Am,

and let here be a regular n-sides polygon of sides b, ,
b, respectively, inscribed to it, and let § = £(a, b;) be the
angle between a side a and a side b; of a regular n-sides
polygon P! Let BB, =c;,B,B; =cy, ...
¢1,B,,B; = ¢, be sides of a 2n-sides polygon B,, =
B1B,B3...By, 1B, constructed by the intersection of the
sides of regular polygons P! and P? (Figure 3).

-'BZn—lBZn -

A3 —————

~ Koy

K(O, 7> = S
~

Figure 3. Fragment of a semi-regular 2n- sides polygon with basic elements.

Let us first prove that a constructed 2n-sides polygon
B, = B1B,B3...By,_1B,, has equal all interior angles.
Note that the following is valid for the interior angles of a
semi-regular equilateral polygon A,, at vertices in odd
positions,

A, = A3 = -

= 4Azn-3 = 3Asn

_ (n-2)w

=a +28 ©)

and for the interior angles at vertices in even positions, the
following is valid

4A, =44, ="
= 4A_, = 44y,
_ _ (m-2)m T _
—ﬁ—T+2(Z—6)—n—26 (10)
Since
A1A2 = A2A3 — .= aZn_l AZn = AZTlAl =a
and AAl = A-Ag = = AAZ‘H—3 = A-Azn_l = 5 al’ld
B3A, = 4A, = =4A,,_, = BA,, = % -6 , triangles
A ABiAy A AyByAs. . A AyyByy Ay are  congruent, and,

hence their interior angles are also congruent, i.e. the
following is valid:
4A,B1A, = 4A,B,A5 = -

_ (n-Dm

= 44, By = (11)
Note that the interior angles of a 2n-sides polygon
By, = B1B,B3...By,_1B,, are cross-sectional to angles in
(11), therefore, they are congruent with them, and it follows

that
4B, = =T

n

i=12..,2nn€eN (12)
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It follows from (12) that a 2n-sides polygon B,, =
B1B;B;...By,_1B,, is equiangular. Let us prove that an
equiangular 2n-sides polygon

Byn = B1B,B;... By, 1By, has different sides. Note that
triangles A B1AyBy,A B3AuBy...A By 1Ay, Bop,A
By,_1A1B; are congruent with each other because of the
following:

4B, = 4B, = -

BAy == 4Amm = BAs =
congruency of triangles

= 43211—1 = A-Bz.n =§ and
(n-2)m

3A, =
, and from the

the congruency of the sides follows. Similarly, we conclude
that triangles

A ByA3Bs, A ByAsBs,...A By 3A2n-1B2n—1,A Byn A1 By
are also mutually congruent because 4B, = 4B; = -+ =
4Byn-1 = 4By, :% and  4A; = 4A3 = = 44z,

(n-2)m

, and from the congruency of triangles A AB{4,,A

AyByA3...A Ay Byn Ay follows the equality of sides, and also
the diversity of their bases

B].BZ = Cl’ BzB3 = Cz, ™ "an—lBZTl = Cl

B,,B, = ¢, because these triangles are not isosceles. In
doing so, we have proved that a 2n-sides polygon B,, =
BB, Bs...By,_1B;, is an equiangular semi-regular polygon.

b) In general, observe a triangle A A;4,A; with the given
marks (Figure 3). For the interior angles of a triangle it is true

that 4A; = 845 = 8,84, = 274 2 (— 5) and that
AA,B, = ; — 6. From the specml right angle triangle
A AjKA, we find that the side of the inscribed n-sides
polygon is P}, b, = 2acosé, and from the special right angle
triangle A A,KB; we find that 44, = B=DT and 4B = %, as
well as that one side of a 2n-sides polygon - B,,, is given in a
relation

2asiné
€= —Nn>2,n€EN
an

(13)

because for n = 2 we have a rhombus to which it is not
possible to inscribe a semi-regular equiangular polygon.
From equiangular triangle A B,LA; we find that the side
of the inscribed regular 2 is given in a relation
by = 2a - cos(-— &) (14)
and that the other side of equiangular 2n-sides polygon B,,
is given in a relation

Zasm(——S)
cz—Tn>2nEN (15)
Based on relations (13) and (15), we find that
zasin(%—S)
c _ _ tany Sin(%_a)
Z — T 2asind T gins (16)

4
tani

On the right-hand side of this formula (16), note the

function f(n,§) = o ( Py 2
6 such that it is poss1ble to construct it geometrically, e.g. in
the form of § = zln

Note that from the Bernoulli's inequality (1 +x)" > 1 +
nx, (which for x = 1, transforms into a form of 2" > 1 +

n > n), it follows that inequalities — <= < Zare valid for
2n n+1 n

and select the value of angle

every natural number n € N, and thus inequalities
2n 2.2t 2
Therefore, let the value of angle § be given by relation

§(n) = =5 €(0,7) for n >2,n € N then function f(n, §)

takes the form of:

— < Z are also valid for n € N.
2n-1 n

f) = e e

Sl.‘n.2 —1

(17)

Note that for n = 1 a function f(1) is not defined, and for
n=2,itis f(2) = Sm(o)

= 0, which is of no interest here given

the nature of the functlon.
Example: Forn = 3itis6(3) = %and

_nG _snGp _sing _ penm
f@ = sinzl2 - sm— T sk T Vasin 12 V2
Va-v3=1Va-2v3

From relation (16), it follows that the ratio of the sides of a
semi-regular equiangular hexagon inscribed to a semi-regular

2\/4—2\/5. For n=4 it is

6(4) = g, and the value of the function is

. . C
equilateral hexagon is C—2=
1

m(4 24—1) sm%
fO=—"F—=—2=1,
Sln24 T Slng
50 2=1> ¢, =c¢;. So it follows that BSL* and A% are

C1
regular polygons with internal angles of %n, that is, the
following proposition is valid:

Proposition 7. For the value of angle §(n) expressed in a
formula: §(n) = 2: »n>2n€EN sem1—regular equiangular
polygon B;{L'CZ is regular, if and only if n =

Proof: Let us suppose that equiangular 2n-sides polygon
B;{L'CZ is a regular polygon. Then it is also true that ¢c; = c,.
Further from the requirement f(n) =1 we have the

. . sinG——m=p)
following equahtym

= 1 which, after calculation,
T . s
becomes: 2cos— - sin (— —
2n n

o) =0 sin(f - 55) =
0= 2" =2n.

In the set of natural numbers, only solution n = 4 meets
the requirement n > 2.

3. Conclusion

Based on the content presented in this paper, it follows that
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the basic metric properties, such as: the convexity, the
surface area of a semi-regular 2n-sides polygon, the radius of
the inscribed circle and the ratios of a semi-regular 2n-sides
polygon can be expressed by side @ and angle .
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